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1 Introduction 



In this article we give a Lie-algebraic classification of equations of the form 

Ut = F{t, X, U, Ux, Uxx)Uxxx + G(t, X, M, Ux, Uxx) (1-1) 

which admit non-trivial Lie point symmetries. Here F and G are arbitrary smooth 
functions of their arguments, and F 7^ 0. This paper continues the application of the 
methods developed and applied in [1, 2, 3, 4, 5, 6], and is a sequel to [1]. Within the 
class of equations (1.1) are the Korteweg-de Vries (KdV) equation 

Ut = Uxxx + UUx, (1.2) 

modified KdV equation 

Ut = Uxxx + U^Ux, (1.3) 

the cylindrical KdV equation 

1 , , 

Ut = Uxxx + UUx - —U, (1.4) 

the Harry-Dym equation 

Ut = U^Uxxx, (1-5) 

as well as the variable coefficient Korteweg-de Vries (vcKdV) equation 

Ut = f{t,x)uxxx + g{t,x)uux (1.6) 

with / 7^ 0, g ^ 0. The symmetries and integrability properties of equation (1.6) 
were studied in [7, S]. 

In [4], our method of classification was applied to equations of the form 

Ut = Uxxx + G{t,X,U,Ux, Uxx) (1-7) 

which is just equation (1.1) with F = 1. Here we allow F to be an arbitrary smooth 
function (other than the zero function). In particular, in Ref. [1], among others, it 
was shown that how Eqs. (1.2), (1.3) and (1.4) which is within the class of (1.7) can 
be recovered from the representative equations of the equivalence classes by changes 
of point transformations. Eq. (1.5), which is outside of the class (1.7), is known to 
be integrable and has an infinite hierarchy of generalized symmetries, and therefore 
admits a Recursion operator [9]. Moreover, it allows a Lax and Hamiltonian formu- 
lation. We note that its point symmetry group is isomorphic to the direct sum of an 
sl(2,M) algebra with a 2-dimensional nonabelian Lie algebra. 

The ideas we exploit are described in [1] and are given more fully in [2]. The 
mechanism behind our approach is a combination of the usual Lie-algorithm for find- 
ing point symmetries of partial differential equations and the equivalence group of 
the class of equations under study. Here we give a resume of the steps involved, and 
we refer the reader to Ref. [2] for details. 

The first step is to establish the conditions for a vector field 
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X = a(t, X, u)dt + h{t, X, u)dx + c(t, x, u)du 

to be a symmetry operator for equation (1.1). This gives us the determining equations 
for the coefficients a{t,x,u), b{t,x,u), c{t,x,u). In general, these equations are 
not solvable explicitly since the functions F{t, x, u, u^, u^x) and G{t, x, u, u^, u^x) are 
allowed to be arbitrary. 

Our other ingredient is the equivalence group of equation (1.1). This is the group 
of invertible point transformations which leave invariant the form of the equation. 
The equivalence group is used to find canonical forms for vector fields which are 
symmetry operators for the given type of equation. This is the same as linearizing a 
vector field using diffeomorphisms, but with the difference that the diffeomorphisms 
allowed belong to a smaller group. 

The third part of our calculations involve finding canonical representations for 
Lie algebras within the class of symmetry operators admitted by the equation. This 
procedure consists in choosing a canonical representation for one of the operators of 
the Lie algebra basis and then invoking the commutation relations of the Lie algebra 
to obtain a form for another of the basis operators. A canonical form for this second 
operator is found using those transformations of the equivalence group which preserve 
the (canonical form of the) first operator. This procedure is then continued for all the 
other basis operators of the Lie algebra. Having done this, we are able to calculate 
the corresponding functions F and G and this gives us canonical forms for evolution 
equations of the given type which admit a given Lie algebra as a symmetry algebra. 
One may think of this method as a systematic way of introducing ansatzes for the 
forms of the nonlinearities F and G in order to solve the defining equations for the 
symmetry operator. 

Our article is organized as follows: In section 2 we give the determining equations 
for a symmetry vector field and we calculate the equivalence group of equation (1.1) 
(in fact, we show that the equivalence transformations for a general evolution equation 
in (1 + l)-time-space must be such that the generator of time translations must be 
a function of the time t only). Although this result is known (see [10], [11]) we give 
a self-contained proof and improve slightly the statement of the result given in [10], 
[11]. In sections 3 and 4 we give a detailed discussion of our results for the two semi- 
simple Lie algebras sl(2, M) and so(3). In particular, we give a detailed account of the 
classification of the representations of the algebras so(3) and sl(2, M) (a sketch of this 
proof was given in [2]). In section 5 we discuss the classification of those evolution 
equations (1.1) which admit solvable Lie algebras. 

2 Symmetries of evolution equations 
2.1 Equivalence Group 

The equations we are looking at fall within the class of evolution equations having 
the general form 
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Ut = F{t,X,U,Ui,U2, . . . ,Un) (2.1) 

with n > 2 and where u„ stands for d"'u/dx"', and F is a smooth function of all its 
arguments with F^^ ^ 0. The following result is well known [12]: 

Theorem 2.1 // the smooth vector field X = a{t,x,u)dt + b(t,x,u)dx + c(t,x,u)du 
is a symmetry of equation (2.1) then necessarily a = a{t). 

Proof: The prolongation of X to the n-th jet space gives as symmetry condition 

To = XF + TiF^^ +... + TnFu„ 

with equality on the submanifold defined hy Ut = F and its differential consequences 
D^F = 0, = 1, . . . , n. The functions Tq and are defined in the usual way: 

To =Dt c — UtDt a — UxDt b, ti = c — UtD^ a — UxD^ b, 
Tk = DxTk-^i - Ut(^k~i)F>x a - UkDx b, k = 2,...,n. 

Here we have Dt, Dx as the usual operators of total differentiation, and Ut(k~i) = 
D^~^Ut. Calculating the functions r and evaluating the symmetry condition on the 
submanifold defined hj Ut = F and its differential consequences D^F = 0, k = 
1, . . . ,n, we find that r„ contains the term 

Wi(n-l) = F)2~^F = -{Dxa)u2n~lFu„ + S2„,-2 

where S2n-2 contains derivatives Uk with 1 < k < 2n — 2. Now, in the symmetry 
condition, the term —{Dx a)u2n~iFu„ is the only one containing U2n-i, and as such 
it must vanish. Since 7^ 0, it follows that Dx a = 0. But Dx a = ax + Uxttu, and 
since a{t, x, u) is a function of only (t, x, u), it follows that a^: = = and the result 
follows. 

One of the important elements in our analysis is the equivalence group of equa- 
tion (2.1). This is the group of point transformations 

t ^ t' = T(t, x,u), X ^ x' = X(t, x,u), u ^ u' = U{t, X, u) 
which leave invariant the form of the equation. That is,the equation 

u[, = F'{t',x',u',u[, .■.,u'J. 
is mapped to the equation (2.1). To this end we have the following result: 

Theorem 2.2 Any invertible point transformation 

t' = T(t, X, u), x' = X(t, x,u), u = U {t, X, u) 
that maps the evolution equation 
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= F'(t',x',M', 4, •••,<) (2.2) 

(for n > 2) with OF' / du'^ ^ Q to an evolution equation 

Ut = F(t,X,U,Ui,U2, . . . ,Un) (2.3) 

with dF/dun 7^ 0, is equivalent to an invertible point transformation with 

t' = T{t), x' = X{t,x,u), u' = U{t,x,u) (2.4) 

Proof: As before, Df and denote the operators of total differentiation with re- 
spect to t and X. We begin by making the elementary remark that in an evolution 
equation such as (2.3), the right-hand side contains derivatives with respect to x and 
no derivatives with respect to t, since it is the evolution parameter. In this case we 
have dF/duQ^n 7^ 0, dF/duk^i = for 1 > k < n, k + I = n where Uk^i denotes the 
derivative d^^^u/ dt^dxK That is, F is to contain no mixed derivatives of u. 

Next we introduce the differential form DS = DtSdt + D^Sdx for any function 
S{t, X, u, Ut, Ux, . . . , Umfl, Um-i,i, • • • , %,m) ou the jct spacc J''(M^, M). It is easily ver- 
ified that 

dS = DS + SJ+ "^-M^M 

k,l:l<k+l<m 

where 9 = du — Ufdt — u^dx, O^^i = du^^i — u^^i idt — u/^^i^idx are the contact forms 
on the jet space. It is easy to show that dS = if and only if DS = 0. 

Our transformation (t, x, u) — > (T, X, U) preserves the contact condition, that is 
we have 

dU — UodT — UidX = \{du — Utdt — u^dx) 

and we define f/o, Ui as the induced transformations of the derivatives Ut,Ux respec- 
tively. For our point transformation this gives 

DU - UoDT - UiDX + {Uu - UqTu - = \9 

whence A = f/^ — UqTu — UiX^ and so 

DU = UoDT + UiDX. 

Consequently, UiDT A DX = DT A DU defines Ui. This is well-defined since DT A 
DX 7^ for an invertible transformation [t, x, u) (T, X, U). For if DT A DX = 
we must have that DT A DU = 0, by the above, and so DX = aDT, DU = f3DT 
{DT ^ since dT ^ for invertibility). Then we find that dT A dX A dU = 
{DT + TJ) A {DX + XJ) A {DU + UuO) = 0, thus contradicting invertibility (the 
condition for invertibility is dT A dX A dU 7^ 0). 

In the same way we define a sequence of functions Uk with G N by Uk+iDT A 
DX = DT A DUk- These functions give the induced transformations of the spatial 
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derivatives Mo,fc for 1 < A; < n. We note that the highest-order derivatives Uk,i in a 
given Um are Um,o, Um-i,i, • • • , Mo,m.- For Un we require 

dUo,n ' <9lin,0 C^Ml,n-l 

This follows from the requirement that F contain only spatial derivatives of u. We 
have 

UnDT A DX = DT A DUn^i. (2.5) 

Differentiate equation (2.5) with respect to Uo,n and the condition on Un then gives 
us 

DT A ^^dx = DtT^^dt Adxy^O. 

Hence, D^T ^ and ^^"'^ ^ 0. The condition = gives, on differentiating 
(2.5) with respect to u„ o, 

BT A ^^dt = -D.,T^^dt Adx = 0, 

which implies that either D^T = or = 0. Assume that D^T ^ 0, so we must 

have f '^"'^ = 0. Further, the condition „ = for 1 < A; < n — 1 gives us, on 
differentiating (2.5) with respect to Un-k,k, 

DTAf^^^^dt+J^^dx 

It now follows that „ ^^"-i = if „ ^^"-^ = Q since we assume D^T ^ 0. This is 
true for k = 1 and hence for 1 < k < n — 1. That is, Un-i contains no time derivative 
of u if Un has the same property, on the assumption that D^T ^ 0. Continuing in 
this way we come to the conditions 

dU^ dU2 Q 



du2,o dui^i 
which give us 

dU, dUi Q 



and this is a contradiction since the condition ^ gives us ^ 0. Thus 
we cannot have D^T 7^ if D^X 7^ and DJJ 7^ 0. Consequently D^T = and 
T = T(t) as stated. 

We note here that our result is valid for all invertible form-preserving transforma- 
tions. In [10], [11] the results are for those transformations which are invertible and 
satisfy DT A DX 7^ (this is the same as their condition 5 7^ where S is defined by 
DT A DX = 6dt A dx). Here we have shown this to be a redundant condition. 
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Corollary 1 The equivalence group of the evolution equation 

Ut = F{t, X, U,Ui,..., Un)Un+l + G{t, X, M, Ml, . . . Un) 

where n >1 and F 0, G are arbitrary smooth functions of their arguments, is the 
group of point transformations 

t' = T{t), X = X(t, x,u), u' = U {t, X, u) 
where T, X, U are general functions of their arguments. 

Proof: From Theorem 2.2, the equivalence group is a subgroup of such transfor- 
mations. It is a routine calculation to show that all such transformations give an 
evolution equation of exactly the same form. 



2.2 Determining Equations and Symmetry Group 

We are interested in classifying the canonical forms of the evolution equation 

Ut = Fit, X, u, ui, U2)u-i + G{t, X, n, ui, U2) (2.6) 

where F, G are arbitrary functions of their arguments. Its equivalence group is, 
accordingly, defined by arbitrary functions 

t' = T{t), x' = X{t,x,u), u' = U{t,x,u) 

satisfying T{t) 7^ as well as 

D{x, u) 

Lie algebra of the symmetry group of equation (2.6) is realized by vector fields of 
the form 

Q = T{t, X, u)dt + ^(t, X, u)d^ + 0(t, X, u)du, (2.7) 

where r, ^, are arbitrary, real-valued smooth functions defined in some subspace 
of the space X ®U . The spaces X and U represent the independent and dependent 
variables with local coordinates (t, x) and m, respectively. 

In order to implement the symmetry algorithm we need to calculate the third 
order prolongation of the field vector field (2.7) [13] on the jet space = X ® f/^^-' 

pr(3)g = g + <p^du, + rdu^ + + (2.8) 

where 

0* = - utDtT - u^Dti, 
(t)"" = D^cj) - UtD.j.T - u^^D^^, 
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Here and Dt denote the total space and time derivatives. We find the coefficients 
of the symmetry vector field Q by the requirement that the thrice-prolonged vector 
field (2.8) annihilates equation (2.6) on its solution manifold 

pr(=^)Q(A) =0, A = ut-Fu,,,-G, (2.9) 

A=0 

namely 

0* - [Q{F) + ^Fu^ + r^'Fuju... - r^'^'F - g(G) - rou^ - r^^G. 



= 0. 
(2.10) 

Equating coefficients of linearly independent terms of invariance condition (2.10) to 
zero yields an overdetermined system of linear PDEs (called determining equations). 
Solving this system we obtain the following assertion. 

Proposition 1 The symmetry group of the nonlinear equation (2.6) for arbitrary 
(fixed) functions F and G is generated by the vector field 

Q = a{t)dt + b{t, X, u)dx + c(t, x, u)du (2-11) 

where the functions a, b and c satisfy the determining equations 



F {-at + 3uxbu + 3b^) + [^^(fcxx - 2c^„) + M^(26a;„ - c„„) + ulbuu 
"^xxi^bx c^t) -|- SuxUxxbu (^xx] Fu^^-\- (2.12a) 
[ul bu + Ux{bx - c„) - cj Fu, - cFu - aFt- bF^ = 0, 



and 



G {-at -Uxbu + Cu) -Uxbt + Q+ 

F \axibxxx 3Ca;a;u) -|- 'iu^{bxxu (^xuu) ~l~ U^{3bxuu Cuuu) ~l~ U^buuu 

'3^xx{Cxu bxx^ '3^x^xx{^uu "^bxii) ~\~ Qu^Uxxbuu ~l~ '^^xx^u Cxxx\~^ 

\Ux(bxx '^Cxu) ~\~ U^{2bxu Cuu) ~l~ ^x^uu '^xx{(^u 263.) + '^Ux'Uxxbu Cxx] Cru^^-\- 

[ux{bx - Cu) + ulbu - Cx] Gu, - c Gu - a Gt - b Gx = 0. 

(2.12b) 

Here the dot over a symbol stands for time derivative. 

If there are no restrictions on F and G, then (2.12) should be satisfied identically, 
which is possible only when the symmetry group is a trivial group of identity trans- 
formations. The approach we will be taking here is the identification of all specific 
forms of F, G for which the equation (2.6) admits non-trivial symmetry groups. To 
achieve this task we use the classical results on classification of low- dimensional Lie 
algebras obtained mostly in late sixties [14, 15, 16, 17, 18, 19, 20]. 

The ffist step towards classification is to make use of the equivalence transforma- 
tions to find canonical forms for a given vector field. The result is: 

Theorem 2.3 A vector field 

Q = a{t)dt + b{t, X, u)dx + c(t, x, u)du 
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can be transformed by transformations of the form (2.4) into one of the following 
canonical forms: 



Q = dt, Q = d,. (2.13) 

Proof: Any operator 

Q = a{t)dt + b{t, X, u)dx + c{t, x, u)du 
is transformed by our allowed transformations into 

Q' = a{t)f{t)dt' + {aXt + bX, + cXu)d^, + {aUt + bU, + cUu)du'. 

If a 7^ then either 6 = c = or 6^ + 7^ 0. If 6 = c = 0, then we choose T{t) 
so that a{t)T(t) = 1 (at least locally). If 6^ + 7^ then we have the possibilities 
6 7^ 0, c = 0; 6 = 0, c 7^ 0; 6 7^ 0, c 7^ 0. The case 6 7^ 0, c = is easily disposed of: 
choose X = X{x), U = U{u). If 6 = 0, c 7^ then choose X = X{u), U = U{x). If 
7^ 0, c 7^ then we choose X and U to be each of any two independent integrals of 
the PDE 

aYt + bY, + cYu = 0. 

This the gives the canonical form Q = i9( in some coordinate system. 
If we now have a{t) = then Q is transformed into 

Q' = (6X, + cXu)d,, + {ba, + cUu)du'. 

If we now have c = 0, 6 7^ we choose U = U {u) and X is chosen so that bX^ = 1. On 
the other hand, if 6 = 0, c 7^ we choose U = U{x) and X is chosen so that cX^ = 1. 
If 6 7^ 0, c 7^ then we choose U to be the independent integral of 

bU^ + cUu = 

and X is chosen so that 

bX^ + cXu = 1. 

This gives the canonical form Q = dx in some coordinate system. 

3 Classification of equations invariant under sim- 
ple algebras 

The lowest order real semi-simple Lie algebras are isomorphic to one of the following 
three-dimensional algebras: 

so(3) : [Qi,Q2]=Q3, [Q3,Qi] = Q2, [Q2,Q3] = Qi; 

sl(2,M) : [Qi,Q2]=2Q2, [QuQs] = -2Q3, [Q2,Q3]=Qi- 
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In our classification of tlie canonical forms of (2.6) we use canonical forms for 
realizations of our Lie algebras in terms of vector fields of the form Q = a{t)dt + 
b{t,x,u)dx + c{t,x,u)du. Here we present a classification of the possible canonical 
forms for so(3) and sl(2,M) using the idea of rank of a realization. This is defined as 
follows: 

Definition 1 The rank of a realization (Xi, . . . of a Lie algebra is the least 

integer r G N such that all r + 1-fold exterior products Xi A ■ ■ ■ A Xr+i = 0. 

The exterior product of vector fields is defined as usual (see [22]): they correspond to 
antisymmetric contravariant tensor fields (also known as multivector fields). The pur- 
pose of introducing rank is to have an efficient book-keeping system for the coefficients 
in the vector fields. 

Lemma 1 g = so(3) has no rank 1 realizations. 
Proof: The commutation relations for so(3) are 

[Qi, Q2] = Qs, [Q2, Q3] = Qi, [Qs, Qi] = Q2- 

If we have a rank 1 realization, then Qi = fX, Q2 = gX, = hX where /, g, h 
are smooth real functions and X is a smooth vector field. The commutation relations 
give fg' - gf = h, gh' - kg' = /, hf - fh' = g where /' = Xf, g' = Xg, h' = Xh . 
Then we find that f'^ + g^ + h'^ = and the only real solution is f = g = h = 0. 

Lemma 2 If g = sl(2,M) then for the rank 1 realization Qi = fX, Q2 = gX, = 
hX we have -|- Agh = 0. 

Proof: The commutation relations for sl(2, M) are 

[Qi, Q2] = 2Q2, [Q2, Q3] = Qi, [Q3, Qi] = 2Qs. 

With the rank 1 realization given here, the commutation relations give fg' — gf = 
2g, gh' - kg' = /, hf - fh' = 2h. These give + Agh = 0. 

Lemma 3 For all rank 2 realizations o/so(3) and sl(2,]R) , all two-fold products are 
nonzero. 

Proof: From the identity 

[X, Y AZ]s=[X,Y]AZ + Y A [X, Z] 
where [,]s is the Schouten bracket (see [21]), we find that 

[Qi,QiAQ2]s = QiAQ3, [Q3,QiAQ3\s = Q2AQ3, [Q2,Q2 AQsh = Q2 aQi 
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for so(3), and we see that Qi A (^2 = <^=^ Qi /\ Q3 = Q2 /\Qz = 0. Hence, 

for any realization of rank r > 2 we must have all two-fold products different from 
zero. 

For sl(2,M) 

[Qs, Qi A Q2]s = -2Q2 A Q3, [Q3, Q3 A Q2]s = Qi A Q3, 

[Q2, Qi A Qsh = -2Q2 A Q3, [Q2, Q2 A Q3] = Q2 A Qi, 

and the same result holds. 

We first classify Eqs. (2.6) whose symmetry algebras are so(3). We present our 
results as theorems: 

3.1 The case of so (3) 
Representations of so(3) by vector fields: 

Theorem 3.1 There exists only one realization of the algebra so(3) by vector fields 
which is an invariance algebra of (2.6) : 

{dx, tanu smxdx + cosxdu, tanw cosxc^a; — sina;9„). (3-1) 

Furthermore, the most general form of the functions F,G allowing for PDF (2.6) to 
be invariant under the above realization is given by 



sec^ u 



(l + o;2)i 



G 



2 2\h , ^^(1 + 2cj2) to'(5 + 6c<;2) tan^ M 



(^2 + 1)2 (Cj2 + 1)2 

where we have used the notation 

Uxx^^c^ u + {1 + 2uj'^)ta.Yiu 

uj = UxSecu, lb = n . 

(l+a;2)i 

Provided the function G is arbitrary, the realization (3.1) is the maximal symmetry 
algebra of the corresponding equation. 

Proof: There are no rank 1 realizations, by lemma 1. If we take the first canonical 
form of Qi as Qi = dt and Q2 = a{t)dt + X, Q3 = A{t)dt + Y where X = bd^ + 
cdu, Y = Bdx + Gdu, we find from [Qi, Q2] = Q3 that A = a and from [Qi, Q3] = —Q2 
that a = —A. With this, [Q2, Q3] = Qi then gives a A — Aa = 1 which in turn gives 
+ = — 1 and this has no real solutions, so we have no realizations with Qi = dt- 
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We then take the second canonical form Qi = dx- \Qi,Q2\ = Qs gives A = 
and [QijQa] = —Q2 then gives a = 0. So Q2 = bd^ + cdu, Q3 = Bd^ + Cd^- The 
commutation relations [Qi,Q2] = Qz and [QijQs] = —Q2 give us i? = h^, C = 
Cx, b = —Bx, c = —Cx- Note that we have a rank 2 realization of so(3) and 
therefore, by Lemma 3, Qi A Q2 ^ 0, Qi A Q3 ^ 0, Q2 A Q3 ^ give us c 7^ 0, C 7^ 
0, bC — cB 7^ 0. We cannot have 6 = for then B = and bC — cB = 0, contradicting 
the requirement of rank. 

With B = bx, C = Cx, b = —Bx, c = —Cx we have b = bi{t,u) cosx + 
b2{t,u) sinx, c = Ci{t,u) cosx + C2{t,u) sinx and bf + b^ ^ 0, cf + cl ^ since 
b 0, c 7^ 0. Thus we may write b = a{t, u) cos(x+(/)(t, u)), c = [3{t, u) cos{x+6{t, u)) 
for some smooth non-zero functions a, (5, cj), 9. Hence we have 



Q2 = Oi{t, u) cos(x + (pit, u))dx + Pit, u) cos(x + 6it, u))du, 
Q2, = —a{t, u) sin(x + u))dx — Pit, u) sin(x + 6'(t, u))du- 

The equivalence transformations leaving invariant the form of Qi = dx are given by 
t' = Tit), x' = x + Xit, u), u' = Uit, u) with t 7^ 0, t/„ 7^ 0. Choosing X = 6, Uu = 
we transform Q2, Q3 to 



Q2 = ait, u) cos(x + 7(t, u))dx + cos xdu, 
Q3 = —ait, u) sin(x + 7(t, u))dx — sin xdu- 

The commutation relation [Q2,Q3\ = Qi gives cos 7 = 0, + a„sin7 = —1. Hence 
7 = i2k + l)vr/2 with sin 7 = —1 for otherwise the second equation has no real 
solutions. We then find 



Q2 = tan(M + sinxdx + cos xdu, Qs = tan(M + ^(t)) cosxc^^. — sin xdu- 

The equivalence transformations leaving invariant the form of Qi,Q2, Qs are given by 
t' = T(t), x' = x,u' = u + Xit). Applying such a transformation we obtain the stated 
canonical form for so(3). 

We proceed to construct the corresponding invariant equation. The symmetry 
condition for the given evolution equation gives us four equations: 

Fu — ui tanuFu^ ~ (1 + sec^ u + 2u2 tanu)Fu2 = 3 tanuF, (3.2) 

— il+ulsec'^ u)Fuj^ + iui tan u—2ul tan u sec'^ u—3uiU2 sec'^ u)Fu2 = 3ui sec'^ uF, (3.3) 

(3.4) 



Gu — ui tan uGui ~ + '^^1 S6C^ u + 2u2 tan u)Gu2 



i—ui tan u + Qui sec u sin u + 9uiU2 sec u)F, 
ui sec^ uG — il + u\ sec^ u)Gu^ + (mi tanw — 2u\ scc^ usinu — 3uiU2 sec^ u)Gu2 = 

r 00 A A / 0\ OQ On 

[— 1 — 3m^ sec u + 2u^sec M(l + 2sin m) — 3^2 tanw + 12m^M2 sec m sin-u + 3^2]. 

(3.5) 
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Equation (3.3) gives us the following Lagrangian system: 

dt du dui du2 dF 

— (l + M^sec^ti) Ml tanw — 2^^ tanwsec^ M — 3miM2 sec^ M Zuisec^uF 

and this gives us the following integrals of motion: 

U2 + sinw cosm(1 + 2^"^) 



t, u, {l + uy/^F, Q 



(l+Cj2)3/2 

where we have put u = Ui secu. Consequently, the form of F is now 

1 



(l + a;2)3/2 



F{t,u,n). 



(3.6) 



Now substitute (3.6) into equation (3.2) and we obtain (after making the change of 
variables (t,u,Ui,U2) — > (t,u,Lj,Q)) 

Fu — 2tanuQFQ = 3tanuF. 
Then this equation gives us the following integrals of motion 

t, cos^ u F, ip = sec^ u 
and from this one sees that our form for F is 

F = sec^ u f{t,^jj) 
which in turn gives us the final form for F 



(1+^2)3/2- 

Our next step is to calculate the corresponding G. We change coordinates 

(t,u,Ui,U2) (t,u,uj,i:) 
and write for the sake of clarity 

G{t, u, ui, U2) = G(t, u, u, ip). 
Then equation (3.4) gives us, after some calculation, that 



(3.7) 



Gu 



Quip sec u 



tan u sec u 
(a;2 + 1)3/2 ' 



'10cj+ 12tu^ 



This equation requires careful calculation. It integrates easily to give 



Quill) tanu 



ta.T? u 

(Cj2 + 1)3/2 



(5cj + Quo- 



f{t,i)). 



{3.t 
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Now, note that equation (3.5) gives (after careful calculation) 

ujG-{1 + uj^)G^ = 
' - (1 + 3cj2) sec^ u + 2cj^(sec^ u + 2 tan^ u) - 3^(1 + u'^f^ tanw' 
+ 3(1 + 2u;2) tan^ u + I2il)uj'^{l + cj^)^/^ tanw 
- 12cu2(l + 2cj2) tan^ u + 3(1 + uj'^f^l)'^ 
(12cj^ + 12cj + 3) tan^ u - 6V'(1 + 2uj'^){l + uj'^f'^ tann 



(1+^2)3/2- 



Also, equation (3.8) gives us (on calculating the left-hand side of the previous 
equation) 



ujgit, ip)- {1 + uj'^)g^{t, u, tp) + fit, tp) 



—9ipta.nu 



(5 + 3cu2 - 6cj^) tan^M 

(l+Cu2)3/2 



The right-hand sides of these last two equations must be equal, and on putting them 
equal and cancelling common terms, one arrives at the following differential equation 
for g 



ujg-{l + uj^)g = f{t,^) 
or, in a form ready for integration. 



UJ 
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v/rW(l+C^2)3/2 

and this equation integrates to give 



3^2 + 



(l+Cj2)3/2 



2uj^ - 3cu2 - 

(1 +Cj2)3 



g{t, 00, ij) = Vl + uj^h{t, iP) + fit, ^) 



'cj(l + 2cj2) 



- 3cuVl + 



+ ^2)3/2 

Finally, putting all these results together, we arrive at the stated results. 

3.2 The case of sl(2,]R). 

Representations of sl(2, R) by vector fields: 

Our problem is to represent the Lie algebra sl(2, M) which is given by the commu- 
tation relations 

[Qi, Q2] = 2Q2, [Qi, Q3] = -2Q3, [Q2, Q3] = Qi 

by vector fields of the form 

Q = ait)dt + hit, X, u)dx + c(t, x, u)du- 

This is a consequence of Theorem 2.1. 

We now turn to finding the representations of our algebra {Qi, Q2, Qs). Our results 
are given in the following theorem: 
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Theorem 3.2 Any realization c)/sl(2,M) as vector fields (Qi, Q2, Qs), with the Qi of 
the form Q = a{t)dt + b{t, x, u)dx + c{t, x, u)du, is equivalent under arbitrary invertible 
smooth transformations of the form 



t T{t) 



X — > X(t, x,u), u 



U {t, X, u) 



to one of the following eight canonical forms: 



{2tdt,-t'dt,dt), 

{2tdt + xdx, -t^dt + {x^ - xt)dx, dt), 

{2tdt + xdx, -t^dt - xtdx, dt), 

{2tdt + xdx, -t^dt - xtdx + x^du, dt), 

{2xOxy X ^x) 1 

{2xdx - udu, -x^dx + xudu, dx), 

{2xdx - udu, {u~^ - x^)dx + xudu, dx), 

{2xdx - udu, -{u~^ + x'^)dx + xudu, dx). 



(3.9a) 
(3.9b) 
(3.9c) 
(3.9d) 
(3.9e) 
(3.9f) 
(3.9g) 
(3.9h) 



Proof: We may choose a coordinate system in which Qs is in canonical form so that 
either Q3 = dt or = dx- We put Qi = a{t)dt + bdx + cdu, Q2 = A{t)dt + Bdx + Cdu- 

Rank 1 realizations. For rank 1 realizations we have Qi = fQz, Q2 = 9Q3 and then 
Lemma 3 gives f^ + 4:g = 0. For Q3 = dt the relation [Qi, Q3] = —2(^3 gives us ft = 2, 
whence f = 2t + a for some constant a since / is a function of t only. The equivalence 
transformations leaving invariant the form of are t' = t + I, x' = X{x,u),u' = 
U{x, u) with / = constant. Under such a transformation Qi is transformed to (2t'+a — 
2l)dt' and we choose / so that a = 21. This gives us the canonical form Qi = 2tdt and 
hence, by Lemma 3, Q2 = —t^dt. If now = dx then a similar argument gives Qi = 
2xdx, Q2 = —x^dx- The relation [Qi,Q^ = — 2Q3 gives fx = 2, so f = 2x + a{t,u). 
Then an equivalence transformation t' = T{t), x' = x + X{t,u),u' = U{t, u), leaving 
the form of (^3 invariant, maps Qi to {2x' + a — 2X)dx' and we choose X so that 
a = 2X. We obtain the canonical form Qi = 2xdx and Q2 = —x'^dx by Lemma 2. 
Thus there are two (canonical) rank 1 realizations of sl(2,M) 



Rank 2 realizations with = dt- We must have 6^ + 7^ 0, 5^ + 7^ and 

bC — cB = from the rank 2 conditions of Lemma 3 (the last condition comes from 
the requirement Qi A Q2 A Q3 = for rank 2 realizations). Using equivalence trans- 
formations that preserve the form of Q3 (these are given by t' = t,x' = X{x, u),u' = 
U {x, u)) we may always choose U so that bUx + cUu = and bXx + cX^ = X. To see 
this, let 6 7^ 0, c = 0. Then 



and we choose U = U{u) and X so that bXx = X. li b = 0, c 7^ then we choose 
U = U{x) and X so that cXu = X. If b ^ 0, c 7^ then we choose U to be the 



{2tdt,-t^dt,dt), {2xd, 




Q[ = 2t'dt' + bXxdx' + bUxdu' 
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independent integral of bUx + cUu = and X to be the integral of bX^ + cXu = X. 
Thus, we obtain the canonical form Qi = 2tdt + xd^- Since we have rank 2 we must 
have C = because bC — cB = O.The commutation relation [Q2, Q3] = Qi gives 
A{t) = 2t, Bt = —X so that A = —t^ + k and B = (3{x,u) — xt. The relation 
= 2Q2 then gives us = 0, xP^ = 3/3 which in turn gives /? = or 
P = m{u)x^ for some smooth function m{u). If /? = then we have Q2 = —t^dt—xtdx- 
For j3 we have 

Q2 = —t^dt + {m{u)x^ — xt)dx. 

Now we seek a canonical form for Q2 using an equivalence transformation (T, X, U) 
which preserves the form of Qi, Q3. These are (as is easily checked) of the form 

T{t) = t, X{x,u) = a{u)x, U = 7(u). 

where a{u) 7^ 0, 7'(m) 7^ 0. Under this transformation we find that Q2 is transformed 
to 

/ m(u)x'^ , ,\ „ 
Q', = t'dt'+( -x't']dx'. 

We choose a{u) so that a{u)^ = m{u) if m{u) > 0, and we choose a{u) so that 
a{uY = —m{u) if m{u) < and we obtain the forms 

Q2 = -t^dt + {±x^ - xt)dx 

(omitting primes). However, we note that t — * — t, x x^ u u is an element of 
the equivalence group, and so the above two forms for Q2 are equivalent. In fact, 
under this transformation Q2 = —t^dt + (— — xt)dx is transformed to 

Q'2 = fdt + {-x^ + xt)dx = -Qt 

where Q2 = —t^dt + {x^ — xt)dx- Also Q3 is transformed to Q'^ = —Q3 and Qi is 
left invariant. This gives us the algebra (Qi, —Q21 ~Q^) which is a Lie-isomorphic to 
{Q11Q2 iQ'i) ■ That is, {Qi,Q2 ^Qs) is equivalent to {Qi,Qt iQz) , so we are left with 
one type of representation, namely the representation 

(Qi, Q2, Q3) = {2tdt + xdx, -t'dt + (x=^ - Xt)dx, dt). 

Rank 2 realizations with Q3 = dx- Then with Qi = a{t)dt + bdx + cdu and 

Q2 = A{t)dt + Bdx + Cdu W6 note that the relation [Q2, Q3] = Qi implies that 
a{t) = 0. That is, 

Qi = bdx + cdu. 

Then, writing Q2 = Adt + Bdx + Cdu, we use the commutation relation [Qi, Q2] = 2Q2 
to deduce that A = 0. Thus in the case of Q3 = dx we have only rank 2 realizations 
with Qi = bdx + cdu, Q2 = Bdx + Cdu- Rank 2 implies that c 7^ 0, C 7^ and bC — 
cB 7^ 0. The relation [Qi,(53] = — 2Q3 gives bx = 2, = 0, so = 2x + P(t,u) and 
c = c(t,u). Thus Qi = {2x + P{t,u))dx + c(t,u)du. Using equivalence transformations 

T = T{t), X = x + Y{t,u), U = U{t,u) 
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which preserve the form of we find that Qi is transformed into 

Q[ = {2x + p + c{t, u)Yu{t, u)){d,, + c{t, u)UA'. 

We may always choose Y, U so that 2x + (3 + cYu = 2{x + Y), cUu = —U and we 
obtain Qi = 2xdx — udu- 

Now consider Q2 = Bd^ + Cdu- The relation [Q2, Q^] = Qi then gives 

B = —x^ + A(t, m), C = xu + nit, u). 

The other relation [Qi, Q2] = 2(^2 gives us 

nA„ = -4A, u^u = -yw- 

The solution is 

\{t,u) = K{t)u~'^, fi{t,u) = a{t)u~^ 

and we have 

Q2 = {K.{t)u~^ — x'^)dx + {xu + a{t)u~^)du- 

We need to find a canonical form for Q2 using the equivalence group, but only those 
elements that preserve the form of both Qi and Q2- It is an elementary calculation 
that gives the form 

T = T{t), X = x + p{t)u-^, U = q{t)u, t^O, ^ 0. 
The transformed operator Q2 is then given by 

Q'2 = {Q2X)d,> + {Q2U)du' 

and we require 

Q'^ = {k{t)u'-^ - x'^)d.,> + (xV + s'{t')u'-^)du' 
which leads to the equations 

Q2X = k{t)U-^ - X^, Q2U = XU + s{t)U-\ 

These simplify to 

s{t) = qmait) - p{t)l k{t) = qmPitf ' Mt^t) + K{t)]. 

We see that we can always choose p(t) = a{t) so that we may always arrange to have 
s{t) = 0. This choice of p(t) gives 

k{t) = qmnit) ~ am 

and we see that we may choose q(t) so that k(t) = if k = cr^; this gives us the 
canonical form Q2 = —x'^dx + xudu which we have already obtained. We choose q{t) 
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to obtain k{t) = 1 if k > cr^; and we find that we may clioose q{t) so that k(t) = — 1 
a K < a^. All these arguments are local. Thus we find the following forms for Q2: 

Q2 = {u~^ - x'^)dx + xudu, Q2 = -iu~^ + x^)dx + xudu- 

Rank 3 realizations. Here we have Qi A Q2 A Q3 0. As we have seen, Q3 = 
gives us only rank 2 realizations, so we only investigate = dt- As in the rank 2 
case we may choose Q2 = 2tdt + xd^. We put Q2 = A(t)dt + Bdx + Cdu- The rank 
3 condition requires C 7^ 0. Using the commutation relations as before, we find that 
A = —t^ and Bt = —x, Ct = so that B = P{x,u) — xt, C = C{x,u). Further, 
xPx = 3/3, xCx = 2C, which give P = m{u)x^ and C = g{u)x^, g 0. We then 
have Q2 = —t^dt + {m{u)x^ — xt)dx + 7(m)x^9„. Those equivalence transformations 
leaving the form of Qi and invariant are given by t' = t,x' = a{u)x,u' = 'j{u) 
with 7'(m) 7^ 0. Under this transformation Q2 is mapped to 

9_ /a(u)m(u) + q(u)a'(u) , \ ^ , 

We choose U{u) so that g{u)a'{u) + m{u)a{u) = and g{u)Uu = 1 and we find 

the representation 

(Qi, Q2, Qs) = (2t9t + xdx, -t^dt - xtd, + x^du, dt). 
This gives all the canonical forms listed in the theorem. 

Theorem 3.3 The realizations of the algebras so(3) and sl(2,R), given in Theorems 
3.1, 3.2, exhaust the set of all possible realizations of semi-simple Lie algebras by 
operators (2.7) which are admitted by PDEs of the form (2.6). 

For a proof of this theorem the reader is referred to [2] . 

3.3 Classification of sl(2, M) invariant equations 

Once we have obtained realizations of the algebra sl(2,]R) by vector fields of the 
form (2.11), the next step is to construct the corresponding invariant equations. The 
requirement of invariance under sl(2, M) will reduce the number of variables in F and 
G by three. Hence, invariant Eqs. will depend on arbitrary functions of two variables. 

In the following we go through all realizations individually and construct the 
invariant equations. 

1. sl(2,M) = {2tdt,-t^dudt). 

In this representation, we find that F = which is inadmissible. 

2. sl(2, M) = {2tdt + xdx, -t^dt + (x^ - xt)dx, dt). 
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The defining equations are 



xF^ - uiFu^ - 2m2F„2 = F, 

xGx - uiGu^ - 2u2Gu2 = 

x^Fx — 'ix'^UiFu^ — Q{xui + x^U2)Fu2 = 9x^F, 

x^Gx — Sx'^UiGui — 6{xui + x^U2)Gu2 = xui + 6(mi + 3xu2)F. 



They integrate to give 



u 3 

F = x~^u{^f{u, a), cr = — + 



Mf XUi 



3. sl(2, M) = {2tdt + -t^^t - xtd^ + x^S^, 9t). 
The defining equations for F and G are: 

xF^ - - 2u2Fu2 = F, 

xGx — uiGui — 2u2Gu2 = — 2G, 
X F^ -\- 2xF^-^ -\- 2Fii2 0, 
x'^Gu + 2xGui + 2G'm2 = ^""i- 

These integrate to give 

F = xf{uj,a), G = ^ + x'~'^g{uj, a), cu = 2u — xui, (t = 2u — x^U2- 

4. sI(2,M) = {2xdx,-x^dx,dx). 
The defining equations are 

+ 2u2Fu2 = -3F, 
uiGui + 2u2Gu2 = 0, 

UlGu2 = — 3m2-F. 



They integrate to give 

j-^f(t.u). G = - , 
2ui 



F = u^'fit, n), G = --^f{t, u) + git, u) 



Remark: 

The invariant equation has the form 



M3 3 tin , . , . 
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In terms of the Schwarzian derivative 
we have 

Ut = u^'^{u; x}f{t, u) + g{t, u). 
Exchanging the roles of the variables x and u, namely by the change of variables 

i = t, X = u, u = X, 
and using transformation formulae 

u^'^{u; x} = -{u, x}, Ut = -UtUx = -UtUi, 
(omitting tildes) it is transformed to 

— = {u]x}f{t,x) +g{t,x). 

Ui 

The third sl(2, M) symmetry algebra is further extended by one-dimensional time 
and space translational generators dt and d^. The corresponding equations are 



^ = {u;x}f{x)+g{x), (3.10) 

Ml 

^ = {u;x}f{t) + g{t). (3.11) 

Ml 

We can use an allowed transformation 

i = T{t), X = X, u = u, T ^ 

to set f{t) 1. 

Further, there is a point transformation 

i = t, X = X + J g{^) d$,, u = u(t, x) 
taking the second equation (3.11) to the Schwarzian KdV equation 

Ut r . 

— = {u;x}, 

Ml 

admitting a six- dimensional Lie symmetry group [4] 

L = {du, udu, -u^du) © {dt, d^, tdt + -d^). 

21 



5. sl(2, R) = {2td., + d^, -t^dt - xtd^, dt). 

This algebra gives the following defining equations: 



F + 2,UxxFu^^ 



2G - 2uxxGuxx - UxGux + xGx = 
t{2G - 2uxGuxx - UxGux + xGx) + xu 



which leads to the condition 



XU^ 



0, 



from which it follows that this realization of sl(2, M) is not an algebra of invari- 
ance for (1.1). 

6. sl(2, M) = {2xdx — udu, —x^dx + xudu, dx). 
The defining equations are 



uFu + 3miF„^ + 5M2i^u2 = -6-F, 
uGu + SmiGu^ + 5m2G'u2 = ^) uFu^ + 4miF, 
uGu^ + 4niG„2 = -9M2-F. 



n2 0) 



They integrate to give 

F = u-^f{t, a), G = ug{t, a) + {12u-\l - 9u-'^uiU2)f{t, a), 

where a = u~^U2 — 2u~^u\. 

7. sl(2, M) = i2xdx — udu, — x'^)dx + xudu, dx). 
The defining equations are 

uFu + "iuiFu^ + 5u2F„2 = -6F, 
mGu + SmiGui + hu-2,Gu2 = G, 

{u + 4m-^m^)F„, + (4mi - 20m"'^m? + 12m-^miM2)^«2 = -12m-^MiF, 
(u + 4u"^Ui)G'„j + (4ni - 20^"^^^ + 12n~^nin2)G'„2 = 



-l2Qu-\\ - 9m2 + 120m-'' - 12m-^m^)F + Au'^uiG. 
These integrate to give 



where 



and 



u 



'l+4cu2)3/2 



2?/^-10cj2-l _ 
0" = -TT^ : — , u; = M Ml, ip = U U2 



2(1 + 4a;2)3/2 



G = M^(t,CT)Vl +4cj2 



u 



12cr^cjVl +4cu2 + 21 



15 + 6a;^ 
Y(l + 4o;2)3/2_ 
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8. sl(2, M) = {2xdx — udu, —{u ^ + x'^)dx + xudu, dx). 
Again we obtain, 



uFu + SuiFuj + 5u2-F«2 = -6F, 
uGu + 'iuiGuj + 5u2Gu2 = G 

{u - Au~^ul)F^^ + (4mi + 20u~%l - 12u~^^UiU2)F^,^ = Uu^^iF, 
{u - Au"^ul)Gu, + (4ui + 20u^^ul - 12u^^uiU2)Gu2 = 
{120u-\'l - 9u2 - 120u-^ + 12u-^ul)F - Au-^iG. 

Define u = u~^ui, = u~^U2 and let 

_2%Ij- 10cj2 - 1 

^+ - 2(4o^2 _ 1)3/2 

if 4^0"^ > 1 and 



2^ - 10cj2 - 1 

2(1-40^2)3/2 



if 4cu2 < 1. 

Integrating the defining equations gives us tlie following results: 



u 



and 



G = ug{t,(j+)V^uj^ - 1 
if 4cu2 > 1. 



and 

G = -4cu2 
if 4cu2 < 1. 



(4^2 _ 1)3/2 

15 {6uj^-u) 

y {AU^ - 1)3/2 
~ (1 - 4cu2)3/2 

15 (6cj3-cu) 

y (1 -4cj2)3/2 



2I0-+U; + 1 20-^0; V4u;2 - 1 



fit, a.) 



+ 21a-uj + UaluVl - 4cu2 



fit, a.) 



4 Admissible abelian Lie algebras 

Here we look at admissible abelian Lie algebras A = (ei, . . . , Cn)- We show that there 
are no such Lie algebras of dimension greater than 4. 
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4.1 dim^ = 1: 

There are only two inequivalent such algebras: A = {dt) and A = {dx). 

4.2 dim^ = 2: 

It follows from the above that there are two cases of A to consider A = {dt, 62) and 

A = {81,62): In this case we must have 62 = adt + b{x,u)dx + c{x,u)du with a G M, 
for commutativity. Clearly we can take a = 0. The equivalence group of ei = 
dt is S{dt) = {f = t + k, x' = X{x,u), u' = U{x,u)}. Under an equivalence 
transformation 62 = h{x,u)dx + c{x,u)du is mapped to 

e'2 = {bXx + cX^)dx + {bUx + cUu)du, 

and we choose X, U so that bXx + cX„ = 1, bUx + cUu = so that e'2 = dx so we 
obtain 

A = {dt,dx) 

in canonical form. 

A = {dx, 62): In this case we must have 62 = a(t)dt + b{t, u)dx + c{t, u)du for commuta- 
tivity. The equivalence group of ei = dx is £{dx) = {t' = T{t), x' = x + Y{t, u), u' = 
U{t,u)} with T 7^ 0. Under an equivalence transformation 62 = a{t)dt + b{t,u)dx + 
c{t, u)du is mapped to 

e'2 = a{t)fdT + {b + aYt + cY^)dx + {aUt + cU^. 
If a 7^ we choose T, Y, U so that aT = 1, b + aYt = aUt + cUu = 0, so that we find 

A={dt,dx) 

in canonical form. If a = then we have either c = or c ^ 0. IfcT^O then 
choose Y,U so that b + cY^ = 0, cf/„ = 1, thus giving A = {dx,du) in canonical 
form. If c = then we have either b^ ^ or bt ^ 0, b^ = 0. If 7^ then we take 
b{t,u) = U, so that e'2 = Udx- If, however, b^ = then we must have b(t) 7^ for 
linear independence. In this case we may take b{t) = T{t) and we have e'2 = Tdx, so 
that we find the canonical forms 

A = {dx, udx), A = {dx, tdx). 

However, A = {dx, tdx) is inadmissible since the equation for G gives Gx = from dx as 
a symmetry, whereas tdx gives tGx — ui = and this is a contradiction. Consequently 
we find three admissible abelian Lie symmetry algebras: 

A = {dt, dx), A = {dx, du), A= {dx, udx). 
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4.3 dim^ = 3: 



We now turn to three-dimensional abelian Lie algebras. Any such abelian Lie algebra 
is an abelian extension of one of the two-dimensional canonical forms. We take these 
in turn. 

A = {dt, dx, 63) : In this case we have 63 = adt+b{u)dx+c{u)du for commutativity, with 
a G M. We can take a = and then 63 = h{u)dx + c{u)du- The equivalence group of 
((9f , dx) is £{du dx) = {f = t+k, x' = x+Y{u), vl = U{u)} with U'{u) =^OandkeR. 
Under an equivalence transformation, 63 is mapped to 63 = (6 + xY')dx + cU'du- If 
c 7^ then choose Y, U so that h + cY' = 0, cU' = 1 and we then have 63 = du, 
giving A = {dt,dx,du) in canonical form. If, however, c = we must have b'{u) 7^ 
for linear independence, and we then take U{u) = h{u) so that 63 = Udx and we 
obtain A = {dt,dx,udx) in canonical form. 

A = {dx, du, 63) : In this case we have 63 = a(t)dt + h{t)dx + c{t)du for commutativity. 
The equivalence group of {dx,du) is £{dx,du) = {f = T{t), x' = x + Y(t), u' = 
u + Z{t)} with T{t) 7^ 0. Under an equivalence transformation, 63 is mapped to 
= a{t)f{t)dT + {h + aY)dx + (c + aZ)du. If a ^ then choose T, Y, Z so that 
aT = 1, h + oY = c + aZ = and we have 63 = dr giving A = {dt,dx,du) in 
canonical form. If a = then 63 = h{t)dx + c{t)du- If c = then we must have 
6 7^ for linear independence. In this case take b{t) = T{t) and we have 63 = Tdx, 
giving A = {dx,du,tdx) in canonical form, which is inadmissible: dx and tdx are 
incompatible as symmetry operators. If 6 = then we obtain, by the same reasoning 
63 = tdu in canonical form, and this gives A = {dx, du, tdu) in canonical form, which is 
inadmissible: du and tdu are incompatible as symmetry operators. If 6 7^ 0, c 7^ we 
take b = T and so 63 = tdx + c{t)du in canonical form, giving A = {dx, du, tdx + c(t)du) 
in canonical form, which is inadmissible: dx,du and tdx + c(t)du are incompatible as 
symmetry operators. Consequently, we find only the extension A = {dt,dx,du) in this 
case. 

A = {dx, udx, 63) : In this case, if 63 = a(t)dt + b(t, x, u)dx + c{t, x, u)du, then commu- 
tativity gives c = 0, 6x = so we have 63 = a{t)dt + b(t, u)dx. The equivalence group 
of {dx,udx) is £{dx,udx) = {f = T{t), x' = x + Y{t,u), v! = u}. Under an equiva- 
lence transformation 63 is mapped to 63 = aTdx + {b + aYt)dx- If a 7^ then choose 
T,Y so that aT = 1, b + oYt = and we obtain Cg = dr giving A = {dt,dx,udx) 
in canonicals form. If a = then 63 = b{t,u)dx- Now, either buu = or buu 7^ 0. 
If buu = then b = Pi{t)u + Poit) with either /3i 7^ or /3i = 0, /3o 7^ for hnear 
independence. If /3i 7^ 0, then take Pi = T. If /?i =0, Po 0) take Pq = T and we 
obtain the canonical forms A = {dx,udx, {tu + Po{t))dx) and A = {dx, udx, tdx), both 
of which are inadmissible as symmetry algebras. Thus we are left with buu 7^ 0, and 
we investigate conditions for admissibility of this. 

A = {dx, udx, b(t, u)dx) as a symmetry algebra. The operators dx, udx give the system 



25 



= G,. = 
UiFu, + Swai^na + 3F = 
u\Gu^ + 'iuiU2Gu2 + 3u2-F = uiG. 

These integrate to give 

F = Ui'^(f){t, u,uj), G = uiip{t, u, to) — 3ulLj'^(f){t, U, Lj), 
with uj = u^^U2. 

Now invoke b{t, u)dx as a symmetry operator. This gives the following equation 
for F: 

bu{uiFu^ + 3u2F„2 + 3F) + ufb^uFu^ = 0. 

We know that + 3m2-Fu2 + 3-^ = and then buu 7^ gives = so that we 

find F = 

For G we obtain 

bu{u\Gu^ + 'iuiU2Gu2 + 3^2^ - uiG) + buu{u\Gu2 + Qulu2buuF) + U^buunF = Uibt, 
which yields 

buu{ulGu2 + Qu\u2F) + u\buuuF = uibt, 

since the coefficient of fe„ vanishes. 

Substituting the expressions for F and G we find, on changing to new coordinates 
(t, X, u, Ml, uj), that 

(pbuuu + i^ujbuu -bt = 0. 

Since ip is the only term depending on u we conclude that = A(t, m)u; + ^(t, u) and 
then 

•1 ^UWtJ , 



so that we have 

F = uf<t>{t, n), G=^(^- ^0(t, n)) + u) - 3^,<l>{t, u). 

We therefore find the following canonical forms for three-dimensional abelian Lie 
algebras: 

\. A = {dt.d^.du) 

2. A= {dt.d^.udx) 

3. A = (9^., ud^, b{t, u)d.j), buu 7^ 
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4.4 dim^ = 4: 

We now come to four-dimensional abelian Lie algebras. Any such abelian Lie algebra 
is an abelian extension of one of the three-dimensional canonical forms. We take these 
in turn. 

For an abelian extension of the three-dimensional algebra of type 1. we require 
64 = adt + hdx + cdu with a,b,c E M, by commutativity, and we see that 64 is linearly 
dependent on ei, 62, 63, so we obtain no extension in this case. 

For extensions of abelian algebras of type 2. we must have, by commutativity, 
64 = b{u)dx- Linear independence requires b"{u) 7^ 0. Then we proceed as in the 
classification for b{t,u)dx to find forms for the nonlinearities F and G. 

For the algebra of type 3. we have, from [d^, 64] = [ud^, 64] = that 64 = a{t)dt + 
q{t,u)dx- The equivalence algebra is £ = {t' = T(t), x' = x + Y(t,u), u' = u}. We 
may have a ^ only if 6^ = 0, and in this case we take T, Y so that aT = 1, b+aVt = 
and then 64 is mapped to 64 = Ot so that we find the algebra 

A = {du 9., udx, b{u)dx) with b"{u) ^ 

in canonical form. If a = we have 64 = u)dx- It is clear that we have an 
extension only if 

Q.UUU 

Quu 

4.5 dim^ > 5. 

If 6j 7^ then we have no extensions other than by operators of the form q{t, u)dx in 
the case of the algebra 

A = {dx, udx, b(t, u)dx, q(t, u)dx). 

For an algebra 

A = {du dx, udx, b{u)dx) with b"{u) ^ 
we have no extension: the only possible extension operator is q{u)dx with 

buuu quuu 

T ' 

"uu Quu 

which gives us 

q{u) = Cib{u) + C2U + C3, with Ci, C2, C3 e M, 
and this is easily seen to give the same algebra as 

A = {du dx, udx, b{u)dx) with b"iu) ^ 0. 



^11.11 b-iiii, Q 11.11. 
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5 Four and Five dimensional extensions of semi- 



simple algebras 

We now analyze all possible extensions of semi-simple algebras sl(2, M) and so(3) as 
a direct or semidirect sum with a solvable ideal (the Levi factor). In the case of a 
one-dimensional extension, we note that a semi-simple Lie algebra does not have any 
non-trivial one-dimensional representations, and therefore the only one- dimensional 
extensions of sl(2,M) and so(3) are of the form sl(2,M) © Ai and so(3) © Ai for a 
one-dimensional algebra Ai. 

For so(3) (B Ai = so(3) © {Q4) we find that we have only one such extension 
with Q4 = a{t)dt and we may then use equivalence transformations to put (^4 into 
canonical form Qi = dt- 



5.1 Admissible semi-direct extensions of so(3,M). 
5.1.1 Rank 1 extensions. 

First we look at representing < Qi,Q2,Q3 > with 

[Qi, Q2] = Qs, [Q2, Qs] = Qi, [Qs, Qi] = Q2. 

on a Lie algebra of vector fields of rank 1. Thus we require that there be a vector 
field X so that 

[Qi,X]AX =[Q2,X]AX =[Q3,X]AX = 0. 

Now we have 

Qi = dx, Q2 = ta,nusmxdx + cosxdu, Qs = tanucosxdx — sinxdu- 
We begin by noting that either = or 7^ 0. 



[Qi,^] = . It is straightforward to check that either [Q2,^] 7^ 0, [Qs,^] 7^ or 
[(52,-^] = 0, [Qs,-^] = 0: in fact, if two commutators [Qi,^] = 0, then the third 
also vanishes. Thus, we assume 

[Qi,X] = 0, [Q2,X]j^0, [Q3,X]j^0. 

We put 

X = a{t)dt + h{t, X, u)dx + c(t, x, u)du. 

Then [Q2, X] ^ 0, [Q2, X] AX = gives [Q2, X] = g{t, x, u)X where g{t, x, m) 7^ is a 
smooth function. Since Q2 = tanw sinxc^jj + cosx^u, we conclude that a{t) = so that 
X = hdx + cdu- Further, [Qi, X] = gives = = 0, so that h = b(t, u), c = c(t, u). 
Then we have 

[(52; X] = \hu cos X — h tan u cos x — c(l + tan^ u) sin x] + [c„ cos x + h sin x] du- 
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From X] A X = we obtain 

c \hu cos X — h tan u cos x — c(l + tan^ u) sin x\ = h [cu cos x + 6 sin x] , 

from which we obtain 

[{chu — hcu) — hc\ tan n cos x = [c^(l + tan^ u) + 6^] sin x. 

Since fe^' = = we conclude that the coefficients of cosx and sinx must vanish, 
so that, in particular, c^(l + tan^ u) + b"^ = which gives 6 = c = 0, a contradiction. 
Hence we cannot have [Qi, X] = 0, [Q2, X] ^ 0, [Q3,X] ^ 0. So either ^ 

or [Qi,X] =0, i = 1,2,3. \ [Qi,X] ^ 0\ . Since we have [Qi,X] ^ then [Qi,X] = 

f(t,x,u)X with f{t,x,u) 7^ 0, so that if we put X = a{t)dt + hd^ + C(9„ we must 
have a{t) = and therefore X = bd^ + cdu- As above, if 6 = then [(52; X] = 
— c(l + tan^ u) sinxdx + <52c9„ and [Q2, X] A X = gives c = 0. If c = [Q2, X] = 
[Q2b — 6 tan M cos x] + bsm xdu and [Q2, X] A X = gives 6 = 0. hence 6 = if and 
only if c = 0, so we must have b ^ 0, c 7^ if X 7^ 0. Assuming this, the condition 
[Qi, X] AX = gives us bcx = cbx, which leads to 

Then we have 

[Q2, X] = [Q2b — fttanti cosx — c(l + tan^ u) sinx] dx + [Q2C + fesinx] du 
[Qs, X] = [Qsb + 6 tan u sinx — c(l + tan^ u) cosx] + [Q3C + 6 cos x] du- 

Prom these equations, the condition [Q2, X] A X = [Qs, X] A X = gives us 

c [Q2b — b tan u cos x — c(l + tan^ u) sin x] = 6 [Q2C + b sin x] 
c [Qsb + 6 tan u sinx — c(l + tan^ u) cos x] = 6 [Q3C + 6 cosx] , 

which can be rewritten as 

cQ2b — bQ2C = 6c tan M cosx + c^(l + tan^ u) sinx + b'^ sinx 
cQsb — feQsc = — 6c tan u sin x + c^(l + tan^ u) cosx + 6^ cosx, 

and dividing by c^ in both equations, we obtain 

^ fb\ b ,^ 2 N ■ (^S" . 

V2 - = - tan u COSX + (1 + tan smx + - smx 
\c) c \cj 

^ fb\ b . 2 N /^^' 

Qs \ ~ ] = — tan M sm X + ( 1 + tan u) cos x + - cos x. 
\cj c \cj 

That is, with w = b/c, 

Q2W = wtanu cos x + ( 1 + tan^ u) sin x + w'^ sin x 
Q3W = —w tanw sinx + (1 + tan^ u) cosx + w'^ cosx. 
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Now, from the above, we know that Wx = so that Q2W = cos xwu, Q3W = — sin xwu 
so we have 

Wu cos X = w tan u cos x + (1 + tan^ u) sin x + w"^ sin x 
—Wu sin X = —w tan u sin x + (1 + tan^ u) cos x + w'^ cos x. 

multiplying the first equation by sin x and the second by cos x and adding the results, 
we find that 

+ 1 + tan^ u = 0, 

which is impossible for real b, c. Hence we conclude that we must have = 
[(52;-^] = [Qs;^] = if we are to have any extension, and such an extension must 
be a direct sum extension, which has already been studied. 



5.1.2 Extensions of rank > 1. 

The admissible abelian algebras of rank greater than one are finite-dimensional of 
dimension no greater than 4. 



dim y4 = 4 1 . When dim A = 4 and the rank of A is greater than 1, we have rank A 
equal to 2: A =< Q^.Q^.Q^^Qi > and, as we have seen, three of the vector fields 
are parallel and the other has non-zero wedge product with the other three. From 
Turkowski's classification, there is only one (up to isomorphism) abelian extension of 
dimension dim A = 4. In particular 

[Qi,Q4] = -\Q7, [Qi,Q5] = \Q6, [Qi,Q6] = -^Q5, [Qi,Q7] = Iq, 

1111 
[Q2,Qi\ = 2^5; Qs] = —-^Qi, [Q2,Q6] = 2^'^' ['52)<57] = ~2^^ 

[Q3,Q4] = ^Q6, [Q3,Q5] = -^Q7, [Q3,Q6] = -^Q4, [Q3,Q7] = \Q5. 

Suppose that Q5 A Qq = A Qj = Qq A Q7 = and that Q4 A 7^ 0, A Qq 
0, Q4 A Q7 7^ 0. Then 

[Qi, A Qr]s = A [Qi, Q7] + [Qi, Q^] AQt = A Q5, 

where [■, ■]s is the Schouten bracket. Now if A Q7 = we obtain Qi A Q5 = 0, 
contradicting the assumption that (^4 has non-zero wedge-products with the other 
vector fields. In the same way, we check that if three of the vector fields have zero 
wedge-products with each other, then each vector field must have vanishing wedge- 
product with the other vector fields. 

From the above, we see that there is no possible admissible extension of dimension 
four. Thus we come to dim A = 3. The only abelian algebra is, up to isomorphism, 
< Q4, Q^^Qq > with the additional commutation rules 

[Ql,Q4]=0, [Qi,Q,]=Qg. [Qi,Q6] = -Q5 
[Q2,Q4] = -Qg, [Q2,Q5]=0, [Q2,Q6]=Qa 
[Q3,Q4]=Q5, [Q3,Q5] = -Qa, [Q3,Q6]=0. 
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Now, an admissible abelian Lie algebra of rank at least two is either of rank A = 2 
or rank A = 3. If the rank is two, then two of the vector fields have vanishing wedge- 
product, say A = and Q4 A 7^ 0, Q4 A 7^ 0. Then we have 

[Qi,Q4 AQsls = Q4 AQe, [Qi,Q4 AQels = -<54 AQ5, [Qi, Q5 A Qels = 0, 
[Q2,QA^Q^]s = Qb^Q(s. [<52,<54 AQels = 0, [Q2,Q5 a Qels = -<54 a Qs, 

[<53,Q4 A Qsls = 0, [Q^,Qi^QQ]s = Q^^Q&, [<53,<55 a Qels = -<54 a Qg- 

It is easily seen that if any two wedge-products vanish, then all of them must vanish. 
Consequently, if A is an admissible abelian Lie algebra semi-direct sum extension, 
then we must have rank A = 3. 

Now, we have for i = 4, 5, 6 

Qi = ai(t)dt + bi(t, X, u)d^ + Ci{t, x, u)du. 

Prom the commutation relations, we have aiit) =0, z = 4, 5, 6. Thus < (^4, Qs, Qq > 
gives us only a representation space of rank two, and consequently we cannot have 
non-trivial semi-direct sum extensions. 

5.2 Admissible semi-direct-sum extensions sl(2, R)t>74 of sl(2, R) 

Here we look at semi-direct sum extensions sl(2,]R) > A where A is a solvable Lie 
algebra. 

It is known that every representation of a real semi-simple Lie algebra is com- 
pletely reducible, so we look at the irreducible, finite-dimensional representations. 
Since the representation space is a solvable Lie algebra A, then [A, A] is an invariant 
subspace of A for the representation, from which it follows that all our irreducible rep- 
resentation spaces must be commutative algebras. Since any representation of sl(2, M) 
is a direct sum of irreducible representations, it suffices to consider the irreducible 
representations. Furthermore, the dimension of an admissible commutative algebra is 
dim A < 3. Thus we need only look at commutative algebras A with dim A = 1, 2, 3. 

Any finite-dimensional irreducible representation of sl(2, M) is defined uniquely by 
a half integer J = n/2, n = 0,1,2,..., so that the dimension of the representation 
space is 2 J -|- 1 G N. Then if sl(2, M) = (ei, 62, 63) and A = {e^, . . . , 627+4) we have 
the following matrix representations of the elements 61,62, 63 on A: 
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Admissible semidirect-sum extensions of sl(2, '. 



sl(2, M) = {2tdt + xd^, -t^dt + {x^ - xt)d^, dt) 



We have an abelian algebra (Qi, . . . , Q2J+1) which is our irreducible representation 
space for sl(2,M) = {2tdt + xd^,-t^dt + {x^ - xt)d^,dt). Put Q2J+1 = a{t)dt + 
b(t,x,u)dx + c(t,x,u)du. Using the fact that [e3,(52j+i] = we see that d = 0, bt = 
Ct = 0. Further, the condition [ei,Q2j+i] = 2JQ2J gives a = if J 7^ and 
xbx = —(2 J — 1)6, xCx = —2Jc from which we deduce that, for J 7^ 0, 



Q2J+1 = x-^^'-%{u)dx + x-^'c{u)du. 
Substitute this into the symmetry equation for F we find: 



3{nia;"2^+^6' - (2 J - l)x~''^b}F + {ulx~^^^H' 
+ {miX^2^~^[2J(2J - 1)6 + 4Jc'] - u\x 
- M2[2(2J - 1)6 + c'] + ?,UiU2X~'^''^^b' - 



nix"^'^[(2J - 1)6 + c] + 2Ja;""^"'c}F„, 



2J-1, 



+ m3x-2^+16" 



2-"2J[2(2J_ i)6' + c"] 

2 J(2 J + l)x~2-^"=^c}F„2 = x"2'^+^6F^. + X" 



2J 



Now put F = X '^Ui '^f{u, a) where a = ^^2 + 3x ^ and change variables from 
{t, X, u, Ml, U2) to (t, X, u, T, a) where r = xui and a as above. Note that we have 

- -xV^'5(2a^ + 4/) + 3a;V"V. 



Fu 
F, 



Multiply throughout by and divide by x ^'^"''^ and we obtain a polynomial of degree 
three in r: 

Sr^bf + 3r6^ - r^cfu + 3/{r36' - (2 J - l)r26} 

- {2a + 4/){r=^6' - t^[{2J - 1)6 + c'] + 2Jrc} + 3{r26' - [{2J - 1)6 + c']r + 2Jc}/, 
+ /^{r[2J(2J - 1)6 + 4Jc'] - r2[2(2J - 1)6' + c"] + t%" - rV[2(2J - 1)6 + c'] 
3r[2(2J - 1)6 + c] + 3rV6' - 3x^6' - 2J(2J + l)c} = 0. 
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The coefficient of gives us the equation 

[ab' + b"]U = b'f 



which gives, for / 7^ 0, 
which integrates to give 



U h'{u) 



f b"{u) + ab'{u) 



f{u,a) =C{u)[ab'{u) + b"{u)] 

with C{u) 7^ 0. The coefficient of r gives us the equation 

3bU - 2Jc{2aU + 4/) - 3^[(2J - 1)6 + c'] 
+/,[2J(2J - l)b + AJc'] + 3/.[2(2J - l)b + c'] = 

and this simphfies to 

4Jc(a^ + 2/) = AJU[{J + l)b + c'], 

which in turn gives, using / = C{u)[ab' + b"], 

SJab'c = J[{J + l)bb' + b'd - 2cb"]. 

The coefficient of a must vanish so that we obtain, with J 7^ 0, 

6'c = 0, [{J + l)bb' + b'c' -2cb"] = Q 

We have cb' = and then we have b' = 0: if c 7^ we must have b' = 0; on the other 
hand, if c = then we have (J + l)b{u)b' (u) = from the second equation, and since 
J > we have bb' = which gives (6^)' = so that b =constant and b' = 0. But we 
know that 

/(m,(t) =C{u)[ab'{u) + b"{u)] 

so / = 0, and hence F = 0, when b' = and this contradicts the fact that we shall 
have F 7^ 0. 



sl(2, M) = {2tdt + xdx, —t^dt — xtd^ + x^du, dt) We shall ffist prove that this algebra 



is incompatible with any algebra containing a rank 1 realization of an abelian Lie 
algebra A of dimension dim A > 4. This is necessary to eliminate abelian Lie algebras 
of the form A = {d^, ud^, b(t, u)dx). To this end, assume A = {Qi, Q2, Q3, . . . , Q2J+1) 
with J > 1, with Qi AQj = for alH, j = 1, . . . , 2 J + 1: this is the condition of being 
a rank 1 realization. From [ei, Qi] = 2JQi we find that we have 

= at-^+^dt + x^-^+^b{u, u)d^ + x^-^c{uj, u)du 

where u = tx~'^ . Then Q2 = [es, Qi] gives us 

Q2 = {J+ l)af^dt + x'^-^+%{uj, u)d^ + x^-^c^{uj, u)du. 
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Then [Qi, Q2] = yields a = 0. So we have 

Qi = x^'^'^^b{uj, u)dx + x^"^ c{uj, u)du, 
Q2 = x'^-^^^buj{uj, u)dx + x^-^c^{uo, u)du. 

Further, 63 = dt acts nilpotently and a.(^^^^e'^{Qi) = gives us that b{uj,u), c{uj,u) 
are polynomials of degree 2 J in u. Further, [e2, Qi] = gives us 

uj'^b^ + bu = 2Jujb, uj'^c^ + Cu = 2Juc + 26, 

and the solutions are b{uj,u) = (^^"^/(r), c{t,u) = uj'^'^ {g{T) + 2u/(r)) where r = 
U + -. The condition of being rank 1 gives Q1AQ2 = and this gives b{uj, u)ci^{uj, u) = 
c{u , u)bi_j{uj , u) . We cannot have c = for this would imply, using the differential 
equations above, that 6 = and so Qi = 0, which is a contradiction. So, c 7^ and 
assume 6 7^ 0. Then 

^uj b^ 

and this has the solution 

c{ijj,u) = k{u)b{uj,u). 
Substituting this into the differential equations for b{uj, u), bc{uj, u) gives 

k' {u)b{uj,u) = b{uj,u), 

so that k'{u) = 2 as 6 7^ 0, and so k{u) = 2u + 1. Hence we obtain 

gia) + 2ufia) = i2u + l)fia), 

whence 

giu) + 2ufiu) = i2u + l)fiu). 

Since b(uj,u),c{Lj,u) are polynomials of degree 2J in u, it follows that f{T),g{T) are 
polynomials of degree 2 J: indeed we know that 

b{LO, u) = u^'fir), c(^, u) = LO^'igir) + 2n/(r)) 

with T = u + l/uj, and this means that b{uj, u), c{u, u) are polynomials of degree 2 J 
in oj only if /(r), gij) are polynomials of degree at most 2 J. 
From this, it then follows that we have 

Q2J+1 = x-'''^%u)dx + x-^'c{u)du 

where b{u),c{u) are polynomials with deg6(n) < 2 J, degc(u) < 2 J + 1 and 

c{u) = {2u + l)b{u). 

In fact, since f{a) is a polynomial of degree no more than 2 J, it follows from a Taylor 
expansion in 1/u; about u gives b{u) = f{u) and c{u) = g{u) + 2uf{u), with /(m), g{u) 
having degree at most 2 J. 
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We calculate with Q2J = [62, Q2J+1] that 

Q2J = 2JtQ2j+i + x-^'^%\u)d^ + x-^'+^[(^{u) - 2h{u)]du, 

and the condition [Q2J, Q2J+1] = gives us the system of equations 

m + ch" = c'b', 
4( J - l)b^ + 2( J - l)b'c - 2{J - 2)bc' + cc" = (c')'. 

Note that if 6 = we obtain cc" = (c')^, and if c' 7^ we find that c{u) = ac^^ which 
is not a polynomial unless a = 0. If 6 = 0, c' = we have 

Q2J+1 = x~'^''du. 

So we now assume 6 7^ 0. Using c{u) = {2u + l)b{u) in the first equation of this 
system yields 

2bb' + {2u + l)bb" = {2u + l){b'f. 
If 6' 7^ this gives the equation 

h' _ h" 2 

1 ~ ¥^ 2u + V 

and this integrates to give 

b{u) = 2m{2u + l)b'{u) 
for m 7^ and then we find that 

= i^(2u + Z)™, c(u) = i^(2n + /)™+\ 

Clearly, m must be a positive integer for b{u) to be a polynomial, and since m 7^ 
we have m > 1. We may, without loss of generality, put K=l. 

If b\u) = then b{u) = const, so we may take b{u) = 1 and we then obtain 
c{u) = 2u + I. Thus we have 

b{u) = {2u + ir, c{u) = {2u + 

with < m < 2J and m an integer. 

The equivalence transformations of our realization of sl(2,M) have the form t' = 
t, x' = ax, u' = o?u + k with a 7^ 0. Choosing a = 1, 2A; = — / we find that 
b{u) = 2™u'", c{u) = 2"^'^^u"^~^^ , and we may, without loss of generality, divide out 
the factor 2*" to obtain 

b{u) = n™, c{u) = 2^™+^ 
in canonical form. Thus we have two canonical forms for Q2J+1 

Q2J+1 = X "^'^du 

Q2J+1 = x-'''^\'^d, + 2x-^\^^^d^. 
We go through each of these cases. 
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If Q2J+1 = x~'^-^du then Q-^j = [e2,Q2j+i] = 2JtQ2j+i. Applying Q2J+1 to the 
symmetry equation for G gives us an equation E{Q2j+i) = and then doing the same 
for Q2J we find 2J{tE{Q2j+i) + x'^-^) = which is a contradiction since J > 0. Thus 
we do not have an admissible symmetry in this case. 

If Q2J+1 = x-'^^+^u"'d^ + 2x-'^^u"'+^du then for m = we find Qsj = 2JtQ2j+i 
and the same argument as above leads to an inadmissible operator. If m = 1 we 
obtain 

Q2J = 2JtQ2j+i + X 
Q2J-1 = J{2J - l)t'Q2j+i + (2 J - l)tX, 

with X = x~'^'^^^dx + 2x~'^"'^'^udu and the above argument leads to an inadmissible 
operator. 

So we are left with m > 2. The form of Q2J+1 is 

Q = xP+\''dx + 2xPu''+^du. 

If such an operator is a symmetry, then the equation for F = xf{u!,a), with 00 = 
2u — xui, a = 2u — x'^U2, gives (after a tedious calculation) a polynomial equation in 
u (after changing to new coordinates {x,u,uj,(t). There are three powers of u which 
enter: u'^'^^, m'^, m'^"^. Then we obtain from the coefficient of u'^^^: 

g(g- 1)^ = 0, 

from which we have fa = 0. Then for J > 1 the other equations are 

{p + 2q- 2)ujU + (3p + Qq + 2)f = 0, q{u;f^ + 3/) = 0. 

Combining these, we find that / = 0, so that F = 0, which is a contradiction. So in 
this case we have no irreducible representation of sl(2, M) on an abelian Lie algebra 
of rank 1. 

We now turn to representing sl(2,M) on four- dimensional abelian Lie algebras 
of rank 2 with a distinguished operator: that is. Lie algebras A = (Qi, Q2, Q3, <54) 
where one of the operators (the distinguished operator) has nonzero wedge product 
with the other three, whereas the other three operators are parallel to each other (and 
so they constitute a three-dimensional rank 1 abelian Lie algebra). Then the general 
structure of the operators is 

Q4 = x~%{u)dx + x~^c{u)du, 

Q3 = ^tQi + X, 

Q2 = st^Q^ + 2tx + iy, 

Qi = t^Qi + t^X + ^-Y. 

Here X, Y ^ 0. If Q^AQs ^ then all other such products are different from zero, so 
that we cannot have the type of algebra required. So let Q4AQ3 = 0. Then Q4 is not 
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a distinguished operator, and so there is one other operator parallel to Q4. However, 
if Q4 is parallel to Q3 and Qi or Q2, then all wedge products are zero, and we have 
a rank 1 abelian Lie algebra. Consequently, we do not have sl(2,M) realized on this 
type of rank 2 abelian Lie algebra. 

Having proved this, we conclude that we need only look at abelian algebras A 
with dim A < 3, since the only admissible abelian algebras with dim A > 3 are those 
that contain rank 1 realizations of abelian algebras of dimension at least 3 (that is 
J > 1). 

For J = 1 we have A = {Qi-,Q2-,Q'i) ■ Commutativity: [Qi,Q2] = [Qi^Qz] = 
[Q2, Qs] = gives the system 

AW + ch" = 0, 26c' + cc" = (c')^ 

and it follows from the first equation that b{u) must be a polynomial of degree 1: the 
term bb' has degree 3 whereas cb" has degree 2 so the coefficient of in b{u) must 
vanish. But then b" = so that bb' = and this gives us 6 = constant. It then follows 
from the second equation that c{u) is affine linear in u and we have c{u) = au + 13 
with a = or a = 26 (which follows from the second equation). If a = then we have 
6 7^ and this gives Q3 = bx'^dx + cx'"^ with 6, c G M. If c = then 6 7^ and we may 
take Q3 = x~^dx- If c 7^ we may assume c = 1 and we find = bx^^d^ + x~'^du- 
If a 7^ then we have a = 2b and 6 7^ 0. The equivalence algebra of our sl(2, M) is 
t' = t, x' = ax, u' = a^u + k with a 7^ 0, so we may use an equivalence transformation 
to transform c{u) to c = au since 2bu + (3 = 2bu' + (3 — 2kb, and we may choose k so 
that /3 — 2kb = 0. Thus we have the three canonical forms 

Qs = x'^^dx + 2x~'^udu, Q3 = x^'^dx, Q3 = bx^'^dr, + x~'^dr,. 

If Q3 = x~^dx then Q2 = 2tQ^ — 2bdu and Qi = t^Qz — 2tbdu- Substituting these into 
the equation for G we obtain the equations 

bGu = 2x~^ui, 2tbGu = 2te"^ni - 26, 

which give x~^ui = 0, which is a contradiction. 

If Qs = bx"^dx + x^'^dx then Q2 = 2tQs — 2bdu, Qi = t^Qz — 2tbdu and, as above, 
we find that on substituting these into the equation for G we obtain the contradiction 
ui = 0. 

If Qs = x~^dx + 2x~^udu then we find that Q2 = 2tQz and Qi = t^Qz- On using 
and Q2 as symmetries, the equations for G then give us 2ux~'^ — x~^Ui = which 

is a contradiction. Thus there is no realization in this case. 

For J = I we have A = {Qi,Q2), and the same reasoning as above gives us 

Q2 = b{u)dx + x~^c{u)dui and we find that 6, c are polynomials of degree 1 satisfying 

66' = 0, 26^ + {c'f = 3bc'. 

So 6 = constant. If c = au + (3 we then find from the second equation that 26^ + = 
36q;, from which we find a = 6 or a = 26. If 6 = then c = constant and we have 
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Q2 = X ^du- If 6 7^ we may use an equivalence transformation if necessary, as 
above, and we may assume that (3 = and then we find three canonical forms for Q2'. 

Q2 = x~^du, Q2 = dx + x'^udu, Q2 = dx + 2x~^udu- 

If Q2 = x~^du then Qi = tQ2 and substituting these into the equation for G we 
find = which is a contradiction. 

If Q2 = dx + 2x~^udu then Qi = tQ2 and substituting these into the equation for 
G gives us 2x~^u — ui = which is a contradiction. 

If Q2 = dx + x~^udu then Qi = tQ2 — xdu and these two symmetries give us a 
non-trivial equation: 

F = Kx{2u - 2xui + x^n2)"^/^ K 7^ 0, 

G = x~^ [xuui -u^ + L{2u - 2xui + x^U2) - 3K{2u - 2xui + x^U2f^^) . 



sl(2,M) = {2xdx,—x dx,dx) ■ With Q2J+1 = a{t)dt + b{t,x,u)dx + c{t,x,u)duweh.ave 
from [es, Q2J+1] = that b.^ = = and then from [ci, Q2J+1] = —2JQ2J+1 we find 
that Ja = 0, (J - l)b = 0, Jc = 0. Hence, a = c = if J ^ and 6 = if J ^ 1. 
Thus, we have no extension if J 7^ 0, 1. The case J = corresponds to a direct-sum 
extension, so we consider J = 1. Then there are three operators Qi,Q2,Q3 and 
from the above = b{t,u)dx. We then have Q2 = [e2,<53] = [—x'^dx,b{t,u)dx] = 
2xb{t, u)dx. From this we find [Q2, Q3] = —2b'^dx so that 6 = in order that [Q2, Q3] = 
and we have no realization in this case. 



sl(2,M) = {2xdx — udu, —x'^dx + xudu, dx) ■ As above, putting Q2J+1 = a{t)dt + 



b{t,x,u)dx + c{t,x,u)du we have from [e3,Q2j+i] = that bx = Cx = 0. Then 
[ci, Q2J+1] = —2JQ2J+1 gives Ja = 0, ub^ = 2(J— 1)6, uc^ = (2J+ l)c. We consider 
J 7^ 0, which gives a = and the equations for b, c then give us 

Q2J+I = U^^'-%{t)dx + U^'-^'c{t)du. 

We then have Q2J = [e2,Q2j+i] = 2JxQ2j+i-u^^~^b{t,u)du- The condition [(52j,Q2j+i] 
gives us (J + l)bc = 0, (2 J — 1)6^ = 0. Since J > we have be = 0, so either 6 = 
or c = 0, and we see that 6 = if J 7^ 1/2. Thus, we have 6 7^ only if J = 1/2 
and in this case we have Q2J+1 = Q2 = u^^b(t)dx and Qi = [e2,Q2] = xu~^b{t)du- 
Then [Qi,Q2] = gives —2b'^dx = so that 6 = and we have no realization in 
this case. For J ^ 1/2 we consider c 7^ so that Q2J+1 = u'^'^^^c{t)du- The equiv- 
alence group £ of this realization of sl(2,M) in £ = {t' = T(t), x' = x, u' = 7(t)u} 
with T 7^ 0, 7(t) 7^ 0. Using an equivalence transformation we find that Q2J+1 is 
mapped to Q^j+i = U'^'^~^^c{t)'y~'^-^du, and we may choose 7 so that c(t)7~^'^ = ±1, 
which gives the canonical form Q2J+1 = ±u'^'^~^^du- Taking Q2J+1 = u'^'^^^du in the 
symmetry equation for F we find 

u^Fu + (2 J + 1)mmiF„, + {2 J(2 J + l)u\ + (2 J + l)uu2}Fu^ = 0. 

Then taking F = u~^f(t,a) with a = u~^U2 — 2u{u~^ and putting r = uiu^^, we 
obtain the above equation becomes 

J(2 J - l)rV. + {J- 2)ctU - 3/ = 0. 
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The coefficient of must vanish since f{t,a) is independent of r, so we find that 
J(2J — l)fa = and then we must also have (J — 2)afa^ — 3/ = 0. Since we have 
J 7^ 0, 1/2 we find that /o- = 0, and then the second equation gives / = 0, so that we 
then have F = 0, which is not allowed. Thus we have no irreducible semi-direct sum 
extension except for J = (which is a direct-sum extension). 



sl(2, M) = (2x9^ - udu, (u - x^)d^ + xudu, d^) 



In this case we have, as above, 



for J 7^ 0. Then [e2, Q2J+1] = Q2J yields 

Q2J = 2JXQ2.J+1 + 4M2(^-2)c(t)9, - u''-%t)d^. 

Requiring [Q2j+iiQ2j\ = yields the equations 

(2J-l)62 + 4(J-2)c2 =0 
{J +l)hc =0. 

Since J + 1 > 1, the second equation gives us 6 = or c = 0. The ffist equation gives 
us 6 = c = if J 7^ 1/2, 2. Thus we have two cases to consider: J = l/2, c = and 
J = 2, 6 = 0. For J=l/2, c = Owe have a two-dimensional representation with 
Q2 = u~^h{t)dx and Qi = xu~^b{t)dx — b{t)du- Then we must have [Qi,e2] = and 
this gives us 

[Qi,e2] = 3b{t)u-''dx = 

which gives 6 = and therefore we have no representation for J = 1/2. 

For J = 2 we have 6 = and we then have Q5 = c{t)u^du- Then we find, after 
a tedious calculation, that (ade2)^Q5 = 0, as required by the representation (both 63 
and 62 act nilpotently and have nilpotent order 2J-(- 1 = 5), only if c(t) = and thus 
there is no realization in this case. So this realization of sl(2, M) has an irreducible 
extension only for J = 0. 



sl(2, M) = {2xdx — udu, —{u ^ + x'^)dx + xudu, dx) 



In this case we have, as above. 



for J 7^ 0. Then [e2, Q2J+1] = Q2J yields 

Q2J = 2JxQ2j+i - iu^^'-'^c{t)dx - u^'-%t)du. 

Requiring [Q2j+i,Q2j\ = yields the equations 

(2J- 1)6^-4(7 -2)c2 =0 
(J + l)6c =0. 

Since J + 1 > 1, the second equation gives us 6 = or c = 0. The ffist equation gives 
us 6 = c = if J 7^ 1/2, 2. Thus we have two cases to consider: J = 1/2, c = and 
J = 2, 6 = 0. For J=l/2, c = Owe have a two-dimensional representation with 
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Q2 = u ^h{t)dx and Qi = xu ^h{t)dx — h{t)du- Then we must have [Qi,e2] = and 
this gives us 

[Qi,e2] =36(t)u-^9, = 

which gives 6 = and therefore we have no representation for J = 1/2. 

For J = 2 we have 6 = and we then have = c{t)u^du- Then we find, after 
a tedious calculation, that (ade2)^Q5 = 0, as required by the representation (both 63 
and 62 act nilpotently and have nilpotent order 2J + 1 = 5), only if c(t) = and thus 
there is no realization in this case. So this realization of sl(2, M) has an irreducible 
extension only for J = 0. 

In the above calculations, we have shown that there are no irreducible represen- 
tations of our realizations of sl(2,M) on solvable Lie algebras of dimensions greater 
than one. This means that all the representations we need to consider are direct sums 
of one-dimensional representations. Since each such representation requires that the 
vector fields of the representation space commutes with the vector fields of the real- 
ization of sl(2, M), it follows that we have to consider direct sums sl(2, M) © A where 
A is a solvable Lie algebra. We give these in the following section. 

5.3 Admissible direct-sum extensions sl(2,]R) © ^4 of sl(2,IR) 

Here we look at direct sum extensions sl(2, M) © A where A is a solvable Lie algebra: 
these are the reducible Lie algebras. The elements of A must then commute with 
those of sl(2,M), so we have that A C 3 where 3 is the commutator algebra of the 
appropriate realization of sl(2, M). 

dim A = 1: 

We denote by Q the generic element of 3, and we write 3 = (Q)- We seek Q such that 
[Qi, Q] = for i = 1, 2, 3 where Qi, Q2, Q3 are the generators of sl(2, M). Further, by 
equivalence transformations we mean those transformations of the equivalence group 
which leave invariant the forms of Qi, Q2, Qs- 

1. sl(2,M) = {2tdt,-t^dt,dt). 

In this representation, we find that F = which is inadmissible as a symmetry 
algebra, and so there are no admissible extensions. 

2. sl(2, M) = {2tdt + xdx, -t^dt + (x^ - xt)dx, dt). 

We find that 3 = {c{u)du) with c{u) 7^ 0. The equivalence transformations are 
given by t' = T{t) = t,x' = X = ±x, u' = U = U{u) with U {u) arbitrary so 
that U\u) ^ 0. 

Q = c{u)du is transformed to 

Q' = {QT)dT + {QX)dx + {QU)du = c{u)U'{u)du 
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and we then see that we may choose U{u) with c{u)U'{u) = 1 so that Q' = 
c{u)U'{u)du = du- Hence we have the canonical form 

{2tdt + xd^, -t^dt + {x^^ - xt)d^, dt) © (9,) 

for sl(2,M) ©A. 

The coefficients of the corresponding invariant equation are 

Ul XUi 

x"^uj „2 /^9a 12\ ^, , 1 , , 
G = ■7— + X -] f{a) + —-g{a), u = xui. 

3. sl(2, M) = {2tdt + xd^, -t^dt - xtd^ + x'^du, dt). 

We find that [Qj, Q] = 0, i = 1, 2, 3 gives Q = b{xdx + 2budu) + cdu where 6, c 
are constants, so 3 = {du, xd^ + 2udu). 

The equivalence transformations are of the form t' = t,x' = ax, u' = a^u+k with 
a ^ 0,k constants. If we have Q = bxd^ + (2bu + c)du, then Q is transformed to 
Q' = bXdx + (2bU + c — 2bk)du. If 6 7^ then we may always choose U = o?u + k 
so that c = 2bk. This then gives us two canonical forms for Q: we have Q = cdu 
if 6 = and Q = b{xdx + 2udu) if 6 7^ 0. Thus there are two canonical forms for 
Q and we have two possible one-dimensional extensions: 

{2tdt + xa,, -t^dt - xtd, + x^du, dt) © {du) 

{2tdt + xdx, -t^dt - xtdx + dt) © (xS^; + 2udu)- 

The coefficients F and G are given by 

F = xf{p), G = ^ + x~'^g{p), p = x'^U2-xui, 

F = foxa, G=^+x '^uj'^g{uj / a), to = 2u — xui, a = 2u — x^U2, 
where /o is a constant. 

4. sl(2,M) = {2xdx,-x^dx,dx). 

We find that 3 = {a{t)dt+c{t, u)du). The equivalence transformations are of the 
form t' = T{t),x' = x,u' = U{t, u) with f ^ 0,Uu ^ and Q = a{t)dt+c{t, u)du 
is transformed into Q' = aTdx + {allt + cUu)djj. If a 7^ then we may choose 
T, U so that aT = 1 and a{t)Ut + c(t, u)f/„ = 0. This then gives the canonical 
form Q = dt- If a{t) = we choose U so that c{t,u)Uu = 1 and this gives us 
the canonical form Q = dt- We then have the two canonical extensions 

{2xd,,-x^dx,dx)(B{dt), 
{2xdx,-x^dx,dx) © {du). 
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The coefficients F and G are 

F = u^^f{u), G = -^^J{u)+g{u), 

F = uff{t), G = ---im+g{t). 

5. sl(2, R) = {2td, + d„ -edt - xtd„ dt). 

This algebra is not an admissible symmetry algebra and so we have no admissible 
extensions. 

6. sl(2, M) = {2xd^ - udu, -x^d.^, + xudu, d^). 

We find 3 = {0'it)dt + c{t)udu). The equivalence transformations are given by 
t' = T{t), x' = X, u' = -f{t)u with T ^ 0,7 ^ 0. Then Q = a{t)dt + c{t)u is 
transformed to Q' = a(t)TdT + {a(t)'ju + c(t)'y{t)u)di/. If a(t) 7^ we choose 
T with T = l/a{t) and a(t)7 + c(t)7 = 0, and this gives the canonical form 
Q = dt- If a{t) = then we have Q' = c{t)'y(t)udu = c{t)Udu- In this case, if 
c = we have the canonical form Q = udu, but if c 7^ we choose c{t) = T{t) 
and this gives us the canonical form Q = tudu- 

Thus we have the three canonical one-dimensional extensions: 

{2x8^ - udu, -x^dx + xudu, d^) © {dt), 
{2xdx - udu, -x^dx + xudu, d^) © {udu) 
{2xdx - udu, -x'^dx + xudu, d^) © {tudu). 

The corresponding invariant equations have the coefficients F, G 

F = u-^f{a), G = ug{a) + {12u~\l - 9m~Vm2)/(c^), 
F = f{t)u-^a-^'^, G = ugit) + f{t) {I2u-^u\ - 'du-\iU2)a-^'^ , 
F = f{t)u'^a''^'^, G = u(-^^ loga + g{t)^ + f{t){12u~\l - 9u-\iU2)a-'^/\ 
where a = u~^U2 — 2u~^u\. 

7. sl(2, M) = {2xdx — udu, — x'^)dx + xudu, dx)- 

We find 3 = {0'{t)dt) and the equivalence transformations are t' = T{t), x' = 
X, u' = ±u with T ^ 0. We find that Q = a{t)dt is transformed to Q' = a{t)TdT 
and we choose T so that T = l/a{t) and we obtain the canonical form Q = dt- 
The canonical extension is then 

{2xdx - udu, {u'"^ - x'^)dx + xudu, d^) © {dt). 
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8. sl(2, M) = {2xdx — udu, —{u ^ + x'^)dx + xudu, dx). 

We find 3 = {ci{t)dt) and the equivalence transformations are t' = T{t), x' = 
X, u' = ±u witli T ^ 0. We find that Q = a{t)dt is transformed to Q' = a{t)TdT 
and we choose T so that T = l/a{t) and we obtain the canonical form Q = df. 
The canonical extension is then 

{2xdx - udu, -{u~^ + x'^)dx + xudu, d^) © {dt). 

The invariant equations in cases 7. and 8. are obtained simply by restricting 
the arbitrary functions /(t, a) and g{t, a) of the last two cases in Section 3.3 to 
time independent ones. 

In the following we sum up one- dimensional extensions of sl(2,M) in a list: 

{2tdt + xdx, -t'dt + {x^ - xt)dx, dt) © {du) 

{2tdt + xdx, -t^dt - xtd., + x^du, dt) © 

{2tdt + xdx, -edt - xtdx + x^du, dt) © {xdx + 2udu) 

{2xdx, -x^dx.dx) © {dt), 

{2xdx, -x^dx, dx) © {du) 

{2xdx - udu, -x^dx + xudu, dx) © {dt), 

{2xdx - udu, -x^dx + xudu, dx) © {udu) 

{2xdx - udu, -x^dx + xudu, dx) © {tudu) 

{2xdx - udu, iu~^ - x^)dx + xudu, dx) © {dt) 

{2xdx - udu, -{u^"^ + x^)dx + xudu, dx) © {dt). 



dim A = 2: 

There are two canonical solvable Lie algebras of dimension 2: A2.1 = (ei, 62), [ei, 62] = 
and A2.2 = (61,62), [61,62] = 61. We begin with the one-dimensional extensions 
listed above 

1. sl(2, M) = {2tdt + xdx, -t^dt + (x^ - xt)dx, dt). 

As noted above, the commutator algebra is 3 = {c{u)du)) with c{u) 7^ and 
there is only one canonical one-dimensional extension: 

{2tdt + xdx, -t^dt + {x^ - xt)dx, dt) © {du). 

The equivalence group of this algebra is T{t) = t, X = ±x, U{u) = u + k, k E 
R. 

We choose ei = du and then we take 62 = c{u)du. For A2.1 we need [ei, 62] = 
and this gives c{u) = constant, which contradicts the requirement that dimy42.i = 
2. Thus there is no such extension of sl(2,M). For A2.2 we need [61,62] = 61. 
This gives c'{u) = 1 which gives c{u) = u+l, I G M. Then we have 62 = {u+l)du. 
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Under an equivalence transformation 62 is transformed to e'2 = {e2U{u))du = 
{u + l)du = {U + 1 — k)du; then choose k = I and we find that e'g = Udu and we 
obtain the canonical form A2.2 = {du, udu)- Thus we obtain only one extension 

{2tdt + xd,, -t^dt + {x^ - xt)d,, dt) © udu). 

2. sl(2, M) = {2tdt + xd^, -t^dt - xtd^ + x'^du, dt). 

The commutator algebra is 3 = {xd^ + 2udu,du). It is evidently impossible to 
implement ^2,1 with [61,62] = since the two canonical forms for 61 are, as 
already shown, 61 = du and 61 = xd^ + 2udu. Then, with 62 = a{xdx + 2udu) + 
hdu, we find that [du, 62] = gives a = 0; further, [xd^ + 2udu, 62] = gives 
6 = and we then see that both these cases contradict the requirement that 
dimy42.i = 2. Hence there is no such extension by A2.1. The algebra ^2.2 is 
implemented as ^2.2 = {du, xd^ + 2udu). To see this, take 61 = du, which is one 
of the canonical forms (see the one-dimensional extensions above). Then with 
62 = a{xdx + 2udu) + hdu we have immediately that (61, 62) = {du, xdx + 2udu). 
The same result is obtained with the other canonical form 61 = xdx + 2udu. 
Thus we obtain only one two-dimensional extension: 

{2tdt + xdx, —t^dt — xtdx + x'^du, dt) © {du, xdx + 2udu). 

3. sl(2,M) = {2xdx,-x^dx,dx). 

The commutator algebra is 3 = {Q) = {(i{t)dt + c(t,u)du), and we then have 
the two canonical one-dimensional extensions 

{2xdx, -x^dx,dx) © {dt), 
{2xdx, -x^dx,dx) © {du). 

We begin with the algebra 

{2xdx,-x'dx,dx)®{dt). 

The equivalence group of this extension is t' = t + k,x' = x,u' = U{u). We 
take 61 = dt and we seek 62 = a{t)dt + c(t, u)du so as to find a two-dimensional 
extension. For A2.1 we seek 62 with [61, 62] = and this gives a = constant, c = 
c{u), which gives us ^42.1 = {dt, c{u)du). Thus we take 62 = c{u)du with c{u) ^ 0. 
Under an equivalence transformation, 62 is transformed to 63 = c{u)U'{u)du 
and we choose U{u) so that c{u)U'{u) = 1. This gives the canonical form 

A2.l = {dt,du). 

For A2.2 we seek 62 with [61,62] = 61 and this gives a = 1, = so that 
a{t) = t + I, (Z G M), c = c{u), so 62 = (t + l)dt + c{u)du. Under an equivalence 
transformation, 62 is mapped to = {t + l)dT + c{u)U'{u)du. Clearly, we choose 
T = t + k so that t + l = T + l — k = T\)y taking k = I and then we find 
e'2 = Tdx + c{u)U' {u)du . If c{u) = then we find e'2 = Tdx, whereas if c{u) ^ 0, 
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we choose U (u) so that c{u)U' = U and we find e'a = Tdr + Udu- Thus, we find 
the two canonical forms for A2,2 = {dt, tdt) and ^2,2 = {dt, tdt + udu)- 

If we now take the extension 

{2xd^,-x''d^,d.,)®{d.a) 

we find that its equivalence group is t' = T{t), T ^ 0, X = x, U{t, u) = u-\-k{t). 
We take ei = du and we seek 62 = a{t)dt + c{t, u)du- For ^42,1 we want [ei, 62] = 
which gives c„ = so 62 = a{t)dt + c{t)du- Under an equivalence transformation, 
62 is mapped to e'2 = a{t)TdT + {a{t)k{t) + c(t))du- There are two cases to 
consider: a = and a 7^ 0. If a 7^ then we may always choose k{t) so that 
a(t)k(t) +c(t) = and we choose T so that a(t)T{t) = 1, thus giving 63 = dx- If 
a = then we must have c(t) 7^ constant so as to avoid dim]R(ei, 62) = 1. Thus, 
we want c{t) 7^ and we may then choose T = c{t) to obtain eg = Tdu- Thus 
we have two canonical forms: Ag.i = {du,dt) and A2,i = {du^tdy)- However, 
the second algebra is not a symmetry algebra of our equation (it leads to the 
contradiction n = 0), so we find only one admissible canonical form A2,i = 

For A2,2 we want [ei, 62] = Ci and this gives Cu = I which gives c(t, u) = u + l(t). 
Thus 62 = a(t)dt + (m + l{t))du- Under and equivalence transformation, 62 is 
transformed to e'2 = a(t)TdT + {a(t)k(t) + u + l(t))du. If a = then we choose 
U = u + k{t) so that u + l{t) = U + l{t) - k{t) = U hy taking k{t) = l{t). 
This gives e'2 = Udu- If a 7^ then we choose T so that a{t)T = T and we 
choose k{t) so that a{t)k{t) + u + l{t) = U + a{t)k{t) + l{t) - k{t) = U hj 
taking k{t) = l{t). This gives e'2 = TOt + Udu, and we find the two canonical 
forms ^2.2 = {du,udu) and ^2.2 = {du,tdt + udu)- Thus we have the following 
canonical two-dimensional extensions: 

{2xd^,-x''d,,d^)(B{dt,tdt), 
{2xd^, -x'^dcc, dx) © {dt, tdt + udu), 
{2xd^, -x^d^, d^) © {dt, du), 
{2xd^, -x^d^, d^) © {du, udu), 
{2xdx, -x^dx, dx) © {du, tdt + udu)- 

4. sl(2, M) = {2xd^ - udu, -x'^d^ + xudu, d^). 

The commutator algebra is 3 = {0'{t)dt + c{t)udu)- The equivalence transfor- 
mations are given by t' = T(t), x' = x, u' = 'j{t)u with T 7^ 0, 7 7^ 0. We have 
the three canonical extensions 

{2xd^ - udu, -x^d^ + xudu, d^) © {dt), 
{2xdx - udu, -x^dnc + xudu, dx) © {udu) 
{2xdx - udu, -x^dx + xudu, dx) © {tudu). 
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For the extension 



{2xdx - udu, -x^dx + xudu, d^) ® {dt) 

we take ei = dt- The equivalence group of this extension is t' = t + k, k E 
M, x' = X, u' = 7M, 7 G M, 7 7^ 0. For A2.1 we seek 62 = a{t)dt + c{t)u with 
[^t, 62] = which gives a, c = constants. So 62 = adt + cm9„, and we find that 
^2.1 = {dt,udu)- For ^2.2 we need 62 = a{t)dt + c{t)u with [(9t,e2] = dt which 
gives d = 1, c = constant and we then have a = t+l, I G M. Under an equivalence 
transformation, 62 is mapped to e'2 = {t + l)dT + C'judu = (T + 1 — k)dT + cUdu ■ 
Choose k = I and we have 62 = TOt + cUdu for arbitrary c G M, giving the 
canonical form ^2.2 = {dt, tdt + cudu) where c G M is arbitrary. 

For the extension 

{2xd^ - udu, -x^d^ + xudu, d^) © {udu) 

we take ei = udu- The equivalence group of this extension is t' = T(t), T 7^ 
0, x' = x,u' = j{t)u, 'jit) 7^ 0. For A2.1 we want 62 = a(t)dt + c(t)udu with 
[udu, 62] = 0, which is automatically satisfied. Under an equivalence transfor- 
mation, 62 is mapped to 63 = a{t)TdT + (a(t)7(t) + c{t))udu- If a = then 
we cannot have c = constant in order to avoid dimiR(ei, 62) = 1. Thus we have 
c{t) 7^ 0, and we take T{t) = c{t) giving the canonical form 62 = tudu- If a 7^ 0, 
we choose T so that a{t)T = 1 and we choose 7(t) so that a{t)'j{t) + c(t) = 0, 
which gives = dx- Thus we have the canonical forms A2.1 = {udu, dt) and 
^2.1 = {udu, tudu) . However, if c{t)udu is to be a symmetry, then we find, after 
routine calculations, that 

c{t) 

uGu + uiGu^ + U2GU2 = G + —rr^u, 

c{t) 

which gives a contradiction if we have both udu and tudu as symmetries. Hence 
only ^42.1 = {udu, dt) is admissible. 

For y42.2 we want [ei, 62] = ei which is not possible since we have [ei, 62] = 0. 
We now look at the extension 

{2xd^ - udu, -x'^d^ + xudu, d^) © {tudu). 

The equivalence algebra is t' = t, x' = x, u' = 'j(t)u, 7 7^ 0. For A2,i we take 
ei = tudu and we seek 62 = a{t)dt + c(t)udu with [61,62] = 0, which gives 
a{t) = 0. Clearly we need c(t) 7^ and we find, after routine calculations, that 
62 leads to the condition 

c(t) 

uGu + uiGui + U2GU2 = G + —t-tu, 

c{t) 

whereas 61 = tudu gives (on replacing c(t) with t) 

uGu + uiGu^ + U2GU2 = G + -, 
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so we see that only tc{t) = c(t) is possible, which means that c(t) = kt, /c G M. 
However, this gives dimR(ei,e2) = 1, so we obtain no extension by A2,i- 

For ^2.2 we seek 62 with [61,62] = 61. This gives a{t) = — t and we have 
62 = —tdt + c{t)du- Under an equivalence transformation t' = t, x' = x, u' = 
'y(t)u, 7 7^ we find that 62 is mapped to 63 = —Tdr + {—tj(t) + c(t)'j(t))udu, 
from which we see that on choosing 'j(t) so that t'j(t) +'j(t)c(t) = 0, we obtain 
62 = —Tdx- From this it follows that we have the canonical extension 

{2xd^ - udu, -x^d^ + xudu, d^) © {tudu, -tdt). 

Thus we have three two-dimensional extensions: 

{2xd^ - udu, -x'^d^ + xudu, d^) © {dt, ud^), 

{2xdx - udu, -x^dn, + xudu, d^) © {dt, tdt + cudu), c G M, 

{2xd^ - udu, -x^d^ + xudu, d^) © {tud^, -tdt). 

5. sl(2, M) = {2xdx — udu, (u"^ — x'^)dx + xudu, dx). 

The commutator algebra is 3 = {(i{t)dt). There is one canonical one-dimensional 
extension: 

{2xdx - udu, (W^ - x'^)dx + xudu, dx) © {dt). 

its equivalence group is t' = t + k, k ^M., x' = x,u' = ±u. We take 61 = dt. For 
A2.1 we want 62 = a{t)dt with [dt, 62] = and this implies a = constant which 
we discard since this gives us dim]R(6i,62) = 1. Therefore there is no extension 
by ^2.1- For ^2.2 we want [dt, 62] = dt, which gives d = 1, from which we have 
a{t) = t + /, / G M. Under an equivalence transformation, 62 is mapped to 
^2 = + O^T = (T + I — k)dT = Tdr on choosing k = I. Thus we have the 
canonical form 62 = tdt and A2.2 = {dt,tdt). However, this is not an admissible 
extension since requiring {dt, tdt) to be a symmetry implies F = 0, which is not 
allowed. So we have no extension. 

6. sl(2, M) = {2xdx — udu, — {u~^ + x'^)dx + xudu, dx). 

The commutator algebra is 3 = {0'{t)dt), as above. There is only one canonical 
one-dimensional extension: 

{2xdx - udu, -{u"^ + xP')dx + xudu, dx) © {dt). 

Its equivalence group is t' = t + k, k eM., x' = x,u' = ±n. As in the previous 
case, the only possible extension we obtain is A2,2 = {dt,tdt) which is not an 
admissible extension since requiring {dt,tdt) as it gives F = 0, which is not 
allowed. So we have no extension. 

We then have the following list of admissible two-dimensional extensions sl(2, R) © 
A where A is a solvable Lie algebra: 
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{2tdt + xd^, -fdt + - xt)d,, dt) © udu) 

{2tdt + xd^, -edt - xtd., + x^du, dt) © {du, xd, + 2udu) 

{2xd^,-x^d^,d^)(B{dt,tdt), 

{2xd^, -x^d^, dx) © {dt, tdt + udu), 

(2xd^, -x'^d^, d^) © {dt, du), 

{2xd^, -x^d^, d^) © {du, udu), 

{2xd^, -x^d^, d^) © {du, tdt + udu) 

{2xd^ - udu, -x^dx + xudu, d^) © {dt, udu), 

{2xd^ - udu, -x^d^ + xudu, d^) © {dt, tdt + cudu), c e M, 

(2x9x - udu, -x'^dx + xudu, d^) © {tudu, -tdt). 

Invariant Equations: Among above realizations only seven admits invariant equa- 
tions that involve two constants /o, go rather than arbitrary functions. They are given 
by the following: 

1. {2xdx, -x^d^, d^) © {dt, du); 

F = fou^', G = -fo-^ + go 

2 n| 

2. {2xd-„ -x^d^, d^) © {dt, tdt + udu) 

F = fou\f, G = -^/o^ + ^0, 

3. {2xd^, -x^d^, d^) © {du, tdt + udu) 

F = Ut'uf, G = -lu'4+9o, 

2 

4. {2xd^ - udu, -x^d^ + xudu, d^) © {dt, udu); 

F = foU-^a~^/\ G = goU + fo{l2u~^ul - 9u^'^UiU2)cx~'^^'^ , 

5. {2xdx — udu, —x'^dx + xudu, dx) © {dt, tdt + cudu), c G M; 

F = /on-V(i-^'=)/(^^), G = goua'/^'^^ + /o(12n-«n? - 9u~'u^u,)a^'~'^^/^'^, 

6. {2xdx - -x^dx + S^^.) © {tdt, tudu); 

F = /ot"iM-V-3/2, G = t~'[u(^-^ \oga + go) + fo{l2u-'ul - 9u-'uiU2)cx-^/% 

7. {2xdx - udu, -x^dx + xudu, dx) © {tdt, tudu); 

F = /ot^^n~V~3/^ G = got~\ + /ot~^(12n~\? - 9u~\iU2)a~^^^, 

where a = u~^U2 — 2u~'^u\. 

Remark: Note that the first equation is within class (1.7). By an exchange of 
variables {x,u) — * {u,x), it is equivalent to the case F = 1. We mention that the Lie 
point symmetry algebra of the standard Harry-Dym equation (1.5) has the direct-sum 
structure 

L = {xdx + udu, x^dx + 2xudu, dx) © {dt, tdt - g^u)- 
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It is easy to see that L is isomorphic to the fifth reahzation in the above hst. This is 
readily achieved by choosing c = 1/3 and applying the transformation u = -u"^/^. 

dim A = 3: 

We now turn to three-dimensional solvable Lie algebras. There are eleven such in- 
equivalent types (given in the appendix). We treat each realization of sl(2, M) sepa- 
rately. 

1. {2tdt + xd„ -t^dt + (x3 - xt)d^, dt). 

The commutator is 3 = {c{u)du)) with c{u) ^ 0. In the canonical forms for 
^3.n, n = we have either [61,62] = or [61,63] = 0. On choosing 

61 in the canonical form 61 = du and 62 = c{u)du we have c'{u) = so that 
c = constant and 62 = C6i. The same is true for 63 if [61,63] = 0. From 
this it follows that dim^ A^ ^ < 2 which is a contradiction. Thus there are no 
three-dimensional direct-sum extensions of this realization of sl(2,M). 

2. sl(2, M) = {2tdt + xd.,, -edt - xtd, + x^du, dt). 

The commutator is 3 = {dui xdx + 2udu), which is a two-dimensional Lie algebra, 
so it is impossible to realize A^ n using vector fields from this algebra, and there 
are consequently no three-dimensional direct-sum extensions of this realization 
of sl(2,M). 

3. sl(2,M) = {2xd^,-x^d^,d^). 

The commutator is 3 = {o,(t)dt + c(t,u)du), and the equivalence group is t' = 
T(t), T 7^ 0, x' = X, u' = U{t, u). There are two canonical forms for 61: 61 = dt 
and 61 = du- ^3.1 requires [6j, Cj] = 0, i,j = 1, 2, 3. Putting 61 = dt we may then 
choose 62 = du and then 63 = adt + cdu, a,c follows from the commutation 
relations, so that dimK(6i, 62, 63) = 2, which is not possible. The same occurs 
for 61 = du- we choose 62 = dt and 63 = adt + cdu, a, c G M. 

A3.2 = M.2 ® M : [61, 62] = 61, [61, 63] = [62, 63] = . To implement [61,62] = 61 
we may choose among the following two-dimensional extensions: 

{i) 61 = dt, 62 = tdt {ii) 61 = du, 62 = udu, 

{in) ei=dt,e2 = tdt + udu, (iv) ei = du,e2 = tdt + udu- 

However, the first two cases (i), (ii) give F = so they are inadmissible. 
Thus we begin with 61 = dt, 62 = tdt + udu- The commutation relations 
[61,63] = 0, [62,63] = give 63 = kudu, G M so we find the extension 
^3.2 = {dt, tdt, udu)- But if dt, tdt are symmetries, then we find that F = 0, so 
this realization is not allowed. 

Next we take up 61 = du, 62 = tdt + udu- The commutation relations give 
63 = ktdt + ltdu, fc,/ G M. If = we have ^3,2 = {du,tdt + udu,tdu)- If 
k then we use an equivalence transformation leaving sl(2, M) and 61,62 
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invariant in form: t' = at, (a 7^ 0), x' = x, u' = u + fit. Under such an 
equivalence transformation 63 is mapped to 63 = kTdr + t{l + [3k)du and we 
then choose (3 so that / + /?/c = so we find 63 = kTdx and we obtain the 
canonical form A3,2 = {du, udu, tdt). We note that if the vector field c{t)du is a 
symmetry, then we obtain c{t)Gu = c{t). From this it follows that we cannot 
have both du and tdu as symmetries. Also, we know that F = u^^f{t, u). If du 
is a symmetry, then Fu = and F = u'^^fit). Then if udu is a symmetry, we 
have uFu + uiFu^ + U2FU2 = and so we obtain = which is possible 

only if f{t) = 0, contradicting the requirement that F ^ 0. Thus we have no 
admissible direct-sum extension by /I3.2 

^3.3 '■ [62563] = Ci, [61,62] = [61,63] = 0. There are only two admissible real- 
izations with [61,62] = 0: 61 = dt, 62 = du and 61 = du, 62 = dt. If 
61 = dt, 62 = du then, with 63 = a{t)dt + c{t, u)du, we need [62, 63] = 61, which 
gives Cudu = dt which is obviously impossible. Then, with 61 = du, 62 = dt, 
we find that [62, 63] = 61 gives adt + Ctdu = du, which implies a = constant and 
c = t + h{u). The relation [61,63] = then gives h{u) = constant so we have 
63 = at + (t + b)du, a, 6 e M, and we find the realization of /I3.3 = {du, dt, tdu), 
which is not admissible because, as we have seen above, du and tdu cannot be 
symmetries simultaneously as they lead to the contradiction Gu = 0, tGu = 1. 

^3.4 : [61, 63] = 61, [61, 62] = 0, [62, 63] =61 + 62. We have only two realizations 
of [61,63] = 61: 61 = dt, 63 = tdt + udu and 61 = du, 63 = tdt + udu- With 
61 = dt, 63 = tdt+udu and [61, 62] = 0, [62, 63] = 61+62 we find that dt+uCudu = 
which is impossible. Then with 61 = du, 63 = tdt + udu, we find that 
[61, 62] = gives 62 = a{t)dt + c{t)du- The relation [62, 63] = 61 + 62 then leads 
to (a — ta)dt + (c — tcdu = adt + (1 + c)dui from which we find a = constant 
and c{t) = — \n\t\ + b, b E M. So 62 = adt + (— In |^| + b)du. If a = then we 
obtain ^43.4 = {du, — In \t\du, tdt + udu). However, the first two vector fields lead 
to the contradiction Gu = 0, tin \t\Gu = 1, so this realization is not admissible. 
If, however a 7^ then we apply an equivalence transformation t' = at, [a 7^ 
0), x' = X, u' = u + (3t (which leaves the realization of sl(2,]R) and 61,62 
invariant in form), and then 62 is mapped to 63 = aadt + {b + a[3 — In \t\)du and 
then we may choose a, (3 so that aa = 1, b + a/S = 0, and in this way we obtain 
the canonical form 62 = dt — \n\t\du. So we have ^3 4 = {du, dt — hi\t\du,tdt + 
udu). The first two vector fields lead to Fu = Ft = 0, so we have F = Ku^"^ 
where K G M). The third vector field gives uFu + uiFu^ + ii2-^«2 + = 0, 
which is only possible if = 0, a contradiction. Thus we have no admissible 
realization of A3.4. 

^3.5 : [61,63] = 61, [61,62] = 0, [62,63] = 62 . First we have Ci = dt, 63 = tdt + 
udu, and then [61, 62] = gives 62 = adt + c{u)du, a G M, and then [62, 63] = 62 
gives uc'{u) = so c G M and we then have 62 = adt + a, c G M so that 
we obtain A^ ^ = {dt, du, tdt + udu). Then we take 61 = du, 63 = tdt + udu and 
the commutation relations give a, c G M so we find ^3 5 = {du,dt,tdt + udu). 
Thus we find only one realization of /I3.5 = {dt,du,tdt + udu). With F = 
Ui^f{t, u) the first two lead to f{t, u) = K eM. and the third vector field leads 
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to uFu + uiFu^ +U2FU2 + F = 0, which is only possible if = 0, a contradiction. 

^3.6 ■ [61,63] = ei, [61,62] = 0, [62,63] = -62 - Choosing first 61 = dt, 63 = tdt + 
udu, the commutation relations give a = and c{t, u) = c{u) with uc'{u) = 2c{u) 
from which we deduce that c{u) = bu"^, 6 G M. Thus 62 = hu^du and we have 
^3.6 = {du u^du, tdt + udu). 

Then we take ei = du, 63 = tdt + udu and the commutation relations give 
a = a(t),c = c(t) with ta = 2a, tc = 2c, so that a = kt"^, c = It"^, k,l G M. 
Hence 62 = kt'^dt + W^du- li k = then we find that ^3,6 = {du, t^du, tdt + udu). 
If A; 7^ then we apply an equivalence transformation t' = at, [a ^ 0), x' = 
x,u' = u + pt (preserving sl(2,M) and 61,63) so that 62 is mapped to 63 = 
kt'^dx + + k(3)du and we then choose a = 1 and (3 so that Z + = so 
that 62 = kt^dr so we can take the canonical form 62 = t^dt. Thus we have 
^3.6 = {du, t^dt, tdt + udu). We then have the following realizations of A^s- 



We have F = f(t, u)ui^. In the first realization, dt, u^du as symmetries give / = 
Ku^Ui ^. The third symmetry gives uFu + uiFu-^ +U2FU2 + F = 0, which is only 
possible if = 0, a contradiction. In the second, we obtain the contradiction 
Gu = 0, tu=2t from the first two vector fields. In the third realization, the 
first two vector fields give Fu = 0, tFt + 2F = 0. The third vector field gives 
uFu + tFt + uiFui + U2Fu2 + -F = 0. These conditions on F = f{t, u)ui^ require 
f{t, u) = 0, a contradiction. So we have no admissible realization. 

A3.7 : [61,63] = 61, [61,62] = 0, [62,63] = g62, < |g| < 1. We have two canoni- 
cal choices for implementing 61, 62 : either 61 = dt, 62 = du or 61 = du, 62 = dt. 
In the first case, we take 61 = dt, 62 = du, 63 = a(t)dt + c(t,u)du. Then 
6[6i,63] = 61 gives a = 1, Cj = so we have 63 = (t + k)dt + c{u)du. Then 
[62,63] = g62 gives c'{u) = q so that we find 63 = (a + k)dt + {qu + l)du 
with k,l G M. Consequently, we find that ^3,7 = {dt,du,tdt + qudu), < 
|g| < 1. If, on the other hand, ei = du, €2 = dt, similar calculations give 
A.3.7 = {dt,du,qtdt + udu), < |g| < 1. We have F = u{^f{t,u) so that in 
both cases the first two vector fields give f(t,u) = K & M.. If the vector field 
tdt + qudu is a symmetry of our equation, then we find that (1 — 3q)Kui^ = 
so that we are allowed F ^ only for q = 1/3, which satisfies < |g| < 1. 
However, if qtdt + udu is to be a symmetry, then (3 — q)Kui^ = 0, which gives 
i^ = OasO<|g|<l, and this is a contradiction. Thus we find only one 
admissible algebra: 



^43.8 : [61, 63] = —62, [61, 62] = 0, [62, 63] = 61. There are only two realizations of 
[61,62] = 0: 61 = (9f,62 = du and 61 = 9„,62 = dt. For 61 = dt,e2 = du, and 



^3.6 
^3.6 
^3.6 



{dt,u^du,tdt + udu) 
{du,t^du,tdt + udu) 
{du,edt,tdt + udu). 



M.7 = {dt,du,tdt + -du). 
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with 63 = a{t)dt + c(t, u)du, the relation [ei, 63] = 62 gives d = 0, q = so that 
a = constant and c = c{u). This gives 63 = adt + c{u)du, and then [e2, 63] = ei 
gives c'(m) = so that c = constant and it follows that dim]R(ei, 62, 63) = 2, 
which is not possible, so we have no realization of A3.8 in this case. For ei = 
du, 62 = dt the same result is obtained. Thus, ^43.8 is not implemented as a 
direct-sum extension of this realization of sl(2,M). 

^3.9 : [ei, 63] = qei - 62, [ei, 62] = 0, [e2, 63] = ei + ges, g > . Again, either d = 
dt, 62 = c^u or ei = 62 = dt. If 63 = a(t)dt + c{t, u)du then [62, 63] = Ci + ge2 
gives Cudu = dt + qdu which is impossible. If ei = (9„,e2 = dt, then [61,63] = 
qei — 62 gives c„(9„ = qdu — dt which is also impossible. Thus, there is no 
realization of A3 9. 

4. sl(2, M) = {2xdx — udu, —x'^d^ + xudu, d^). 

A3.1 : [61,62] = [61,63] = [62,63] = 0. From the previous analysis, we know that 
we may choose either ci = dt, 62 = udu or ei = udu, 62 = tdt- If we have 
ei = dt, 62 = udu, 63 = a{t)dt + c(t)udu then the relation [61,63] = gives 
d = c = 0, whence 63 = aei + ce2, a, c G M, so that dim]R(ei, 62, 63) = 2, which 
is not possible. If we now have ei = udu, 62 = tdt, 63 = a(t)dt + c(t)udu, then 
[61,63] = automatically and [62,63] = gives ta = a, tc = 0, which implies 
that a = kt, k E M., c G M and so 63 = A;6i + C62, giving dimiR(6i, 62, 63) = 2, 
which is not possible. 

A3. 2 : [61,62] = 61, [61,63] = [62,63] = 0. In this case, to implement [61,62] = 61 
we may choose either 61 = dt, 62 = tdt + kudu, A; G M or 61 = tudu, 62 = —tdt. 
If we take 61 = dt, 62 = tdt + kudu, G M, 63 = a(t)dt + c(t)udu, then 61, 63] = 
gives a, 6 G M, so 63 = adt + cudu- The relation [62, 63] = gives a = so we 
have 63 = cudu, c G M and we then find ^3.2 = {dt, tdt, udu)- However, the 
vector fields dt,tdt lead to F = 0, so this algebra is inadmissible. If we then 
take 61 = tudu, 62 = —tdt, 63 = a{t)dt + c{t)udu, the relation [61, 63] = implies 
a = so that 63 = c{t)udu- Then [62,63] = gives —tcudu = so that c G M 
and it follows that we have ^43.2 = {tudu, —tdt, ud^ . However, the symmetry 
vector field c(t)udu gives 

c(t) 

uGu + uiGu^ + U2GU2 = G + —T—u 

c{t) 

so that c{t) = 1 and c(t) = t lead to a contradiction. Thus we have no admissible 
implementation of ^43,2 in this case. 

A3. 3 : [62,63] = 61, [61,62] = [61,63] = 0. As before, we implement [61,62] = 
with either 61 = dt, 62 = udu or 61 = udu, 62 = tdt- If 61 = dt, 62 = udu, 63 = 
a(t)dt + c{t)udu, then we find as before that 63 = a6i + 662, a, c G M so that 
dimR(6i, 62, 63) = 2, which is not possible. We then take 61 = udu, 62 = 
tdt, 63 = a(t)dt + c{t)udu- The relation [61,63] = is automatically satisfied, 
and [62, 63] = 61 gives ta = a, tc = 1 which give a = kt, c = In |t| + /, /c, / G M 
and we find that (61,62,63) = {udu,tdt,\n\t\udu) ■ However, the combination 
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the vector fields udu and In cannot both be symmetries of our equation, 

for, as noted above, for a symmetry c(t)udu we have 

c{t) 

uGu + UiGu^ + U2Gu2 = G + —7-rU 

c{t) 

so that c(t) = 1 and c(t) = ln|t| lead to a contradiction. Thus we have no 
admissible implementation of ^3 3 in this case. 

For the algebras A3.4 — /I3.9 we require [61,63] = 61, [61,62] = 0, [62,63] 7^ 0. 
We may take either 61 = 9f, 62 = udu or 61 = udu, 62 = tdt to implement 
[61, 62] = 0. If 61 = dt, 62 = udu-, 63 = a{t)dt + c{t)udu, then we have [62, 63] = 0, 
a contradiction. If 61 = udu, 62 = tdt, then [61,63] = 0, again a contradiction. 
Thus we cannot find admissible implementations of these algebras. 

We then have the following admissible direct sum extensions by three-dimensional 
solvable Lie algebras. 

{2xd^, -x'^d.j,, d^) ® {dt, du, tdt + -du). 



3 



The corresponding equation is given by 



uf 2 uf 

which leads to the Schwarzian KdV equation (up to a constant) 

Ut n UxXX „ A ■ 

ul 2 ul 

6 Classification of equations invariant under low- 
dimensional solvable algebras 

6.1 Equations with one-dimensional symmetry algebras 

According to Theorem 2.3 we have three types of one-dimensional symmetry algebras 

Ai,i : Qi = dt, Ai,2 : Qi = dx. (6.1) 
The corresponding invariant equations will have the form 

Ai^i : Ut = F{x,u,ui,U2)u3 + G{x,u,ui,U2), (6.2a) 
^1,2 : Ut = F{t,u,Ui,U2)u3 + G{t,u,Ui,U2). (6.2b) 

Theorem 6.1 There are two inequivalent classes of equations (2.6) invariant under 
one-parameter symmetry groups. Their representatives are given by (6.2). 

To obtain higher dimensional symmetry algebras we successively add further lin- 
early independent vector fields to the one-dimensional ones and impose the commu- 
tation relations of all possible isomorphy classes of low-dimensional Lie algebras. 

For two dimensional algebras we have the following result. 
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6.2 Equations with two-dimensional symmetry algebras 

There are two isomorphy classes of two-dimensional Lie algebras, abelian and non- 
abelian satisfying the commutation relations [Qi,Q2] = «^Q2, n = 0,1. We denote 
them by A2.1 and ^2,2- 

In order to obtain the two-dimensional realizations, to Ai i and 2 we add a 
generic vector field (2.11) and impose the above commutators and then simplify 
further by equivalence transformations (2.4) respecting the canonical forms of 1- 
dimensional algebras. We find that there exist four and five inequivalent realizations 
of the algebra ^42.1 (in fact, we have already obtained them as 2-dimensional abelian 
algebras. See page 24) and A2.2, respectively: 

= {dt,du); 

= {dx,du); 

= {dx,tdx); 

= {dx,udx), 



^2.1 
^2.1 
^2.1 
^2.1 



^2.2 = {-tdt - xdx,dt); 

AI 2 = {-tdt - xdr,,dr,); 

A-2.2 ~ {~xdx — udu, dx)', 

A22 — ( xdx,dx), 

Al, = {-tdudt). 

The corresponding forms of the functions F and G are given in Table 1. We note 
that the realizations ^2 15 ^22 can not be invariance algebras. 



Theorem 6.2 There exist nine classes of two-dimensional symmetry algebras ad- 
mitted by equation (2.6). They are represented by the algebras Al^,Al^,A2i and 

^2,2) • • • ) ^2,2- 



6.3 Equations invariant under 3-dimensional solvable alge- 
bras 

6.3.1 The Realizations of solvable decomposable algebras 

There are two types of 3-dimensional decomposable Lie algebras, 

^3,1 = 3Ai = Al © A2 © A3 

with commutation relations 

[g„Q,] = o, ^,j = 1,2,3 

and 

^3,2 = © ^1 
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Table 1: Equations invariant under two-dimensional algebras 



Algebra 


F 


G 


^2.1 




G{x^ Ux-, Uxx) 


^2.1 


F(t, Uxy Uxx) 


G(t, Uxy Uxx^ 


^2.1 


U~^F{t, U,UJ),UJ = U'^Uxx 


UxG{t, u, Lj) — 3ux~'^ul^F{t, U, Uj) 


41 
^2.2 


1^1,1^2) 


X"^G{u, 001,002)1 = XUx, OO2 = X^Uxx 


42 
^2.2 




t'^G{u, 001,002), OOl = tUx, 0)2 = t^Uxx 


^2.2 

44 
^2.2 


U^F{t, Ux, UUxx) 

u-^F{t,u,uj) 


uG{t, Ux, UUxx) 
G{t,U,u), 00 = U~'^Uxx 



with commutation relations 

[QuQ2] = Q2i [Qi,g3] = o, [g2,g3] = o. 

Applying the general strategy of introducing a new vector field and invoking 
the above commutation relations we obtain the following realizations of decomposable 
algebras: 

= {dt,du,dx); 
Al-^ = {dt,du,xdu)] 
^3.1 = {dx,d^,tdx + f{t)du); 
^3.1 = {dx,udx,f{t,u)dx). 
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- 

3.2 — 


{-tdt - 


- xdx, dt, du); 


A'^ - 


{-tdt - 


- udu, dt, xudu)\ 


A^ - 


{-tdt - 


- udu, dui tdt + xdx) 


A'^ - 


{-tdt - 




A^ - 


{—xdx 


-udu,du,dt)] 






- udu,du,txdx); 


^3.2 — 


( -^dxt 


dx,dt); 


A^ - 

^3.2 — 


{-tdt - 


- xdx,dt,utdx)] 


A^ - 

^3.2 — 


{ 5 


d d )■ 


4IO _ 
^3.2 — 


{—xdx 


- udu,dx,udx); 


A^^ - 

^3.2 — 


{-tdt,dt,dx); 


Al2 _ 
^3.2 — 


{-tdt - 


•^dx, dx, tdx) ■ 



The corresponding forms of the functions F and G are given in Table 2. Note 
that Al ^ and ^3^2' ^3^2 '^^^ t)e invariance algebras. 

Remark: The realization A"^^, under the condition 7^ 0, can be an invariance 
algebra of (2.6), with 

F = u-^F{t,u), 

G = UxG{t, u) + u~^Uxxfuuift - fuuuF) - "iu'^ul^F. 

However, the coordinate change x ^ u,u x brings this equation to a linear one. 
The corresponding realization is then: 

{du,xdu, f(t,x)du), fxx ^ 0. 

In the invariant equation F = F{t, x), and G = G{t, x, Uxx) has to satisfy an equation 
linear in Uxx 

ft fxxxF(t, x) fxxGuxx 0- 

This implies that G should be linear in Uxx- We exclude such equations from the clas- 
sification. For a group classification of third order linear evolution partial differential 
equations, the reader is referred to Ref . [ 1] . 



6.3.2 The realizations of non-decomposable solvable Lie algebras: 

Every solvable Lie algebra of dimension three contains an Abelian ideal. Assuming 
that this ideal is {Qi, Q2} that is already in canonical form A\ ^ and 1, we add a 
third basis element Q-^. The commutation relations have the matrix form 

where J can be taken in Jordan canonical form and normalized (multiplied by a 
nonzero constant). This is achieved by a change of basis in the ideal {Qi,Q2) and 
multiplying Q3 by a real nonzero constant. 
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Table 2: Equations invariant under three-dimensional decomposable symmetry alge- 
bras 



Algebra 


F 


G 


^3.1 


F{Ux^ Uxx) 


G{Ux, Uxx) 


^3.1 


F(^X, Uxx) 


G{x,Uxx) 


41 




X~'^G{uJi,UJ2), UJl = XUx, UJ2 = x'^Uxx 


42 
^3.2 


u-^e'=^^F{x,a) 


e^'^'[G{x,(T) - 3{u^U2 - luf)F{x,a)], 

UJ-^ = U'^Ux, UJ2 = W^Uxx, a = UJ2-^l 


^3.2 


t~'x^F{x^uJi,uj;'^^uj2) 


X~^G{x'^UJi,UJ^^^'^UJ2), UJl = t^^Ux, UJ2 = t~^U.xx 


44 
^3.2 




t~^G{tUx,tUxx), 


^3.2 


X F{Vjxi •^^xx) 


xG{Ux'i XUxx) 


46 
^3.2 


x^F{t,uj) 


Xt~^Ux In \Ux\ + XUxG(t, u), U = XU'^Uxx 


^3.2 


u-^F{u,uj) 


G{U,UJ), LU = U-^Uxx 


^3.2 


t-^u-^F{u,u) 


UxG{u,Lj) — t^^U — 3t^^U~'^ul^F {u, Lj) , OJ = t^^U'^Uxx 


^3.2 


u-'F{t,u) 


G{t,Uj), u = u-'^Uxx 


^3.2 


u^u-^F{t,uj) 


UUxG{u,Uj) — 3u^U~'^ul^F{t,Lj), OJ = UU~^Uxx 
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Table 3: Equations invariant under Weyl algebra 



Algebra 


F 


G 


^3.3 
^3.3 


FiUxi Uxx) 
F(t, Uxx) 


X + G{Ux,Uxx) 
~^ ^(^) Uxx) 



The set of three-dimensional solvable Lie algebras consists of the following two 
decomposable Lie algebras: 

ylg.i = Ai®Ai®Ai = 3Ai; 

A3.2 = ^2.2 0^1, [Ql,Q2]=<52, 

and the following seven classes of non-decomposable Lie algebras: 



^3.3 


[Q2,Q3] 


= Qu 








A3A 


[Qi,Q3] 


= Qi, 


[Q2,Q3] = 


Qi + 




A3.5 


[Qi,Q3] 


= Qi, 


[Q2,Q3] = 


Q2; 




A3.6 


[Qi,Q3] 


= Qi, 


[Q2,Q3] = 


-Q2 




A3.7 


[Qi,Q3] 


= Qi, 


[Q2,Q3] = 


(1Q2 


(0<|g|<l); 


A3.8 


[Qi,Q3] 


= -Q2, 


[Q2,Q3] 


= Qi 




A3.9 


[Qi,Q3] 


= qei - 


Q2, [Q2, 


Q3] = 


Qi + qQ2, (g>0) 



We go through each possible isomorphy class. For the Weyl algebra ^3 3 we find 

^3.3 = {du,dt,tdu + dx); 
AI3 = {du,dx,tdx + xdu). 

The forms of the functions F and G defining the corresponding equations are given 
in Table 3. 
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{du, dt, tdt + xd^ + {t + u)du); 

F = F{u^,xu^^), G = G{u^,xu^^) + In \x\; 

{du,dt,tdt + {t + u)du); 

F = u~^F{x, u'^Uxx), G = G{x, u^^u^x) + In \ux\] 
{d^, du, 2tdt + {x + u)dx + udu); 

F = u~'-^exp {u^^)F{uJi,uj2), G = u^exp {-u~'^)uxx{-3ujIuxF + G{uji,uj2)} 
uji = 2u~^ -ln|t|, u;2 = exp{u^^)uxx; 

{dx,du, {x + + udu); 

F = u-^exp{3u-^)F{t,uj), G = Uxexp{u-^){-3uj^F{t,uj)ux + G{t,uj)}, 
u = exp{u~'^)u:^:^; 

{dt,du,tdt + xdr, + udu); 

F X F{Vjxi '^'^xx) •) G G{Vjxi X'Uxx) 1 

{dt,du,tdt + udu); 

F = u~^F{x, u'^u^x), G = G{x, u'^u^x); 

{dx, du, 2tdt + xdx + udu); 

F = \t\-2F{u,,tul,), G=\t\"^G{u,,tuL); 

{dt,du,tdt + xd.^- udu); 

F^ — F^ (^X liiX") X '^xx^ "i — *^ Cj (yX tJjx^ X "Uxx^ ^ 
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{dt,du,tdt - udu); 

F = UxF{x, u'^Uxx), G = ulG{x, u'^Uxx); 

{dx,du,tdt + xdx - udu); 

F = t^F{t\x, t^Uxx), G = t~^G{t\x, t\xx); 

{dx,du,xdx - udu); 

F = t~'^F{tUx, tUxx), G = t~'^G{tUx, tuxx); 

{du, dt, qtdt + xdx + udu) {q 0, ±1); 

l^^l F {u X •, xx^ •) G |x| G (^Ux') XUxx^ ■} 

{du, dt, qtdt + udu) {q 7^ 0, ±1); 

F = \Ux\~''^F{x, U'^^Uxx), G = \ux\^~'^G{x, u^^^Uxx); 

{dx, du, tdt + xdx + qudu) (0 < |g| < 1); 
F = t^F{ujuuj2), G=\tr'G{L0uuj2); 

UJi = \t\^~''Ux, UJ2 = 

{dx, du, xdx + qudu) (0 < |g| < 1); 

F = \ux\^^F{t,u), G =\ux\^^G{t,u), = 

{dx,du,dt + udx - xdu); 



F = (1 + ul)-^/^F{iJi, G= ^/1 + uI{-3ujIF{uji, uj2)ux + G{uJi, 

ui = t + arctanwj., uj2 = [1 + ul)~^^'^Uxx; 

{dx,du,udx - xdu); 



F = (1 + uly^/^F{t, Lj), G= v^l + ul{-3uj\xF{t, Lj) + G{t, u)}; 

u = {l + uiy^^\xx; 
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3.9 



(9^, du, dt + {u + qx)d^ + {qu - x)du) (g > 0); 
F = (1 + u^.)~^/^exp(— 3garctanu2,)F(ci;i,ciJ2), 



G = \/\ + exp(— g arctanM^.){— 3ci;2Mx-F(t^i, ^^2) + G'(co'i, 072)}; 
ciJi = t + arctanuj;, u;2 = (1 + ii^.)~'^''^exp(— garctanu^;)^^^; 
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{d^, du, {u + qx)d^ + {qu - x)du) (q > 0); 
F = (1 + u^.)~^/^exp(-3garctann^)F(t,ci;), 



G = \/l + ulexp{—q a.Tcta.nUx){—3Lj'^UxF(t,uj) + cj)}; 
u; = (1 + n^)~^/^exp(— garctanu^)^^-^;. 



There are two inequivalent realizations of the nilpotent algebra A; 



3.3 




3.3 



3.3 



{du,d^,td^ + xdu). 



The forms of the functions F and G defining the corresponding nonlinear equations 
are given in Table 3. 

Theorem 6.3 There are thirty-five inequivalent three-dimensional solvable symmetry 
algebras admitted by equation (2.6). 

6.4 Equations invariant under four-dimensional Algebras 

For dimL = 4, we proceed exactly in the same manner as before. We start from 
the already standardized three-dimensional algebras, and add a further hnearly in- 
dependent element Q4, and require that they satisfy the commutators of the four- 
dimensional non-isomorphic representative Lie algebras. We distinguish between two 
types of algebras, decomposable and non-decomposable: 
A. Decomposable Algebras: 

The set of inequivalent abstract four-dimensional Lie algebras contains ten real 
decomposable Lie algebras represented by 



iAi = ^3.1©^!, ^2.202^1 = A2.20A2.1, ^2.20^2.2 = 2^2.2, ^3.^©^! = 3, 4, . . . , 9) 



Below, omitting details we give the symmetry algebras and the associated invariant 
equations: 
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F = F{ijj)x^\xuJ^~'', G = uJ^xuJ^^^G{uj), 7^ 0, 



2^2.2 ~ ^3.2^ {xdx)', 

F = F{uj)x^u~^ exp{xuji), 

G = exp(xui){{—3u~'^UxUxx + '2u~^ul)F(u) + G{uj)}, 
cui = u^^Ux, CO = x'^{u~'^Uxx — u~'^ul); 

2Al^ = Ai^^ {-udu + ktdt) (A: ^0,1); 

F = F(cu)|cui|^, G = r^\uji\-^G{u), 

l-2fc 

ui = tUx, UJ2 = t'^Uxx, CO = u^-^ ^2, F{u}) ^ 0; 



F = F{uj)f, G = tux[ln \tux\ + G{iu)], F{lu) ^ 0, lu = tu~^Uxx- 

B. Nondecomposable algebras: 

The set of inequivalent abstract four-dimensional Lie algebras contains ten real 
non-decomposable Lie algebras /I4 j = (Qi, Q2, Q3, Q4) {i = 1, . . . , 10). They are all 
solvable and therefore can be written as semidirect sums of a one-dimensional Lie 
algebra {Q4) and a three-dimensional ideal = (Qi, Q2, Qs)- For A^^i = 1, . . . , 6), 
is abehan, for A4J, A^^s, ^4,9 it is of type ^3^3 (nilpotent), and for ^4^10 it is of the 
type ^3,5. 

The non-decomposable solvable Lie algebras are represented by 



A4.1 


[Q2,g4] 


= Qi, 


[Q3,Qa] -- 


= Q2; 






Aa.2 


[Qi.Qa] 


= qQu 


[Q2, Qi 


= Q2, 


[Q3,Qa]=Q2 + Q3, Qt^O; 




^4.3 


[Qi.Qa\ 


= Qi, 




= ^2; 






A^A 


[Qi.Qa] 


= Qi, 


[Q2,Qa] 


= Qi^ 


-Q2, [Q3.Qa] = Q2 + Q3; 




A.5 


[QuQa] 


= Qi, 


\Q2.Qa] 


= qQ2, 


[Q3,Qa]=pQ3, -i<p<g<i, p 




^4.6 




= qQu 


[Q2, Qa 




-Qs, [Q3,Qa\ = Q2 + PQ3, Qt^O, 


P>0; 


^4.7 


[Q2.Qz] 


= Qi, 


[Qi.Qa] 




[Q2,Qa\=Q2, [Q3,Qa\=Q2 + Q3; 




^4.8 


[Q2,Q3] 


= Qi, 


[Qi,Qa] 


= (1 + 


q)Qu [Q2, Qa] = Q2, [Q3, Qa] = geg, 


|g|<i; 


^4.9 




= Qi, 


\QuQa] 


= 2qQi, [Q2, Q4] = qQ2 - Q-i, [Q3, Qa] = 


+ qQ3, q>0; 


^4.10 




= Qi, 


[^2,^3] 


= Q2, 


[Qi,Qa] = -Q2, [Q2.Qa]=Qi. 





As the algebra 8 contains the symmetry algebra of the KdV equation we shall 
give a detailed analysis of the possible inequivalent realizations of /I4 g below. 
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A = A4.8 

This algebra has the following commutation scheme: 

[61,62] =0, [61,63] = 0, [61,64] = (1 + g)6i, 
[62,63] = 61, [62,64] = 62, |g| < 1, 
[63,64] = g63. 

To begin the classification of the inequivalent realizations, we note that (61, 62) is an 
abelian subalgebra, and so we know that there are the following admissible forms for 
(ci, 62) (note that we now have an ordered basis): 

{dt,d^), {d^,dt), {d^,udu). 

If we take {dt, d^) first, we note that with 63 = a{t)dt + b{t, x, u)dx + c(t, x, u)du, the 
relation [62, 63] = 61 leads to 

bxdx + cA = dt, 

which is obviously impossible. So we only have two possibilities for (61,62). 

(^1,62) = {dx,udx). Note that we have £(61) fl £(62) : t' = T(t), T 7^ 0; x' = x + 
Y{t, u);u' = u. Then we take 63 = a(t)dt + h{t, x, u)dx + c{t, x, u)du- Then [61, 63] = 
gives 63 = a{t)dt + h{t,u)dx + c(t,u)du- The relation [6,63] = 61 yields c = — 1 
and this gives us 63 = a{t)dtb{t,u)dx — d^- Then transforming 63 by an equivalence 
transformation of the type given above, we find 

6'3 = a{t)f{t)dt' + W, u)-Y^ + a{t)Yt]dx' - d^>. 

We may clearly choose Y{t,u) so that b{t,u) — Y^ + a{t)Yt = so that we find 
63 = a(t)T(t)dt' —du'. If a 7^ we choose T so that a(t)T{t) = 1, giving 63 = df —du'- 
If, on the other hand, a = then we have 63 = —du'- Thus, we have the two 
possibilities 

(ei, 62, 63) = {dx, udx, -du), (61, 62, 63) = {dx, udx, dt - du). 

If we take (61,62,63) = {dx,udx, —du) , we find, with 64 = a{t)dt + b(t,x,u)dx + 
c(t, X, u)du, that hx = (1 + g), Cx = Q since [61, 64] = (1 + q)ei, and uhx — c = u since 
[62,64] = 62. Furthermore, [63,64] = ^63 yields bu = 0, c„ = 1. From these equations 
we find 6 = (1 + q)x + P{t), c = qu where a G M. 

The equivalence group is £(61) fl £(62) fl £(63) : t' = T(t), T 7^ 0; x' = 
X + Y{t), u' = u. Applying such an equivalence relation we find that 64 is mapped 
to 

6^ = a{t)f{t)de + [(1 + q)x + I3{t) + a{t)Y'{t)]dx> + qudu> 

= a{t)f{t)dt' + [(1 + q)x' + m + a{t)Y'{t) - (1 + q)Y{t)]dx' + qu'du'. 

From this, we see that for a(t) 7^ we may choose T(t), Y(t) so that a{t)T(t) = T(t) 
and /3{t) + a{t)Y'{t) - (1 + q)Y{t) = 0, giving 

64 = t'df + (1 + q)x'dx' + qu'du'- 
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If a{t) = then = [(1 + q)x' + p{t) - (1 + q)Y{t)]d^, + qu'du'. If g ^ -1 we choose 
Y{t) so that f3{t) - {l + q)Y{t) = and we obtain e'^ = {1 + q)x'd.j:> + qu'du' ■ If g = -1 
and a(t) = we have 64 = P(t)dx' — u'du'- If Pit) = then we have pdx' — u'du' with 
/3 e M. If pit) 7^ we may take Pit) = Tit) and then 64 = t'd^i — u'du'- Consequently, 
we find the following canonical forms for /I4 8: 

(ei, 62, 63, 64) = (9a;, MC^a;, tS* + (1 + q)xdx + 
(61, 62, 63, 64) = (9^., udx, -du, (1 + g)x9a. + qudu), 
(61,62,63,64) = {dx,udx, -du,tdx - udu) ■ 

Now we suppose that (61,62,63) = {dx,udx,dt — du)- The equivalence group 
is £(61) n £(62) n £(63) : t' = t + k;x' = x + F(t + u);u' = u. Putting 64 = 
ait)dt + bit,x,u)dx + cit,x,u)du we have from [61,64] = (1 + g)6i that 6^ = (1 + 
q), Cx = 0; from [62,64] = 62 we have ubx — c = u; and from [63,64] = ^63 we 
have d(t) = q, ht — hu = 0, — c„ = —q. From these equations we find that 
a(t) = gt + a, 6 = (1 + g)a; + + u), c = gn where a G M and + u) is a smooth 
function. Thus, 

64 = [qt + a]dt + [(1 + q)x + Pit + m)]^^ + gM(9„. 

Applying an equivalence transformation, we find that 64 is mapped to 

=[qt + a\dt> + [(1 + q)x + Pit + u) + g(t + + u) + aV'it + M)](9a;/ + qud^' 

= [qt' + a- qk]dt' + [(1 + q)x' + Pit + u) + g(t + u)Y'it + u) 
+ + m) - (1 + + u)]dx' + qu'du'- 

From this we see that we may always choose Yit + u) so that Pit + u) +qit + u)Y'it + 
u) + aY'it + m) — (1 + q)Yit + u) = 0, so we always have the canonical form 

64 = [qt' + a- qk]dt' + (1 + q)x'dx' + qu'du'- 

When g 7^ we may choose k so that a — qk = and we then have 64 = qt'df + (1 + 
q)x'dx' + qu'du'- If g = then we have 64 = adt' + x'dx' with a G M. Consequently, 
we have the following canonical forms for ^44 3: 

(61, 62, 63, 64) = {dx, udx, dt - du, qtdt + (1 + q)xdx + qudu), 
(61, 62, 63, 64) = {dx, udx, dt - du, adt + xdx), a eR- 

(61,62) = {dx,dt)- The equivalence algebra is £(61) fl £(62) : t' = t + k; x' = x + 
Yiu); u' = Uiu), U'iu) 7^ 0. With 63 = ait)dt + bit, x, u)dx + cit, x, u)du we find that 
[61, 63] = gives bx = Cx = and that [e2, 63] = 61 yields d = 0, bt = I, Ct = from 
which we deduce that a G M, b = t+Piu), c = c(u). So 63 = adt + [t+ Piu)]dx+ciu)du- 
Applying an equivalence transformation, we find that 63 is mapped to 63 = adt' + [f + 
Piu) — k + ciu)Y' iu)]dx' + ciu)U'iu)du'- If ciu) 7^ we choose Uiu) and so that 
ciu)U'iu) = — 1, c(m)F(m) + Piu) — k = and we then have 63 = ad + t'dx' — du' (the 
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reason for this choice of U{u) is that this symmetry appears for the KdV-equation 
Ut = Us+uui). If c{u) = then we have 63 = adt' + [t'+P{u) — k]dx'. Then if P'{u) = 
we choose k = (3 so that 63 = adf + t'dx'] if P'{u) 7^ then we take U{u) = (3{u) — k 
and we have 63 = adt' + {t' + u')du'- So we have the following possibilities: 

(61,62,63) ={dx,dt,tdx - du) 
(ei, 62, 63) =((9^, {t + 

The realization (61, 62, 63) = {dx, dt, tdx) is not admissible since dx, tdx gives us ni = 
which is a contradiction. 

(61,62,63) = {dx,dt,tdx — du). The equivalence group is £(61) fl £(62) fl £(63) ■.t' = t + 
k] x' = x—ku+l] u' = u+m with k,l,m E M. Put 64 = a{t)dt+b{t, x, u)dx+c{t, x, u)du- 
The relations [61,64] = (1 + g)6i, [62,64] = 62, [63,64] = ^63 yield ct = Cx = 0, ht = 
0, hx = 1 + q, a(t) = 1, from which we find that a(t) = t + a, b = {l + q)x — au+P, c = 
qu + 'J with Q?, /?, 7 G M. Under an equivalence transformation 64 is mapped to 

64 ={t + a)dt' + [(1 + q)x - au + f3 - k{qu + ^)]dx' + [qu + ^]du' 

= {t' + a- k)dt> + [(1 + q)x' + {k- a)u + (3 -k-i - /(I + q)]dx' + [qu' + 7 - mq]du'. 

We may always choose k = a and this gives 

64 = t'dt> + [(1 + q)x' + p - a-f - 1{1 + q)]dx' + [qu' + 7 - mq]du'. 

If g 7^ —1, we choose /, m so that /5 — 07 — /(I + g) = 0, 7 — mg = and then 

64 = t'df + (1 + q)x'dx' + qu'du'. 

If g = — 1 we choose m so that 7 + m = and then 

64 = t'df + {(3 — ma)dx' — u'du'- 

If g = we choose / so that (3 — 07 — / = and we find 

64 = t'df + x'dx' + '^du'. 

Prom this we find the following canonical forms for ^4 3: 

(61, 62, 63, 64) ={dx, dt, tdx - du, tdt + (1 + q)xdx + qudu) 
(61, 62, 63, 64) ={dx, dt, tdx - du, tdt + xdx + k9„), k e M. 

(ei, 62, 63) = {dx, dt, {t + u)dx). The equivalence group is £(61) fl £(62) fl £(63) : t' = 
t + k; x' = x + Y{u); u' = u — k, G M. With 64 = a{t)dt + h{t, x, u)dx + c{t, x, u)du, the 
relations [61, 64] = (1 + g)6i, [62, 64] = 62 yield Ct = Cx = h = Q,hx = I + q, d{t) = 1, 
from which we find that a(t) = t + a, b = {1 + q)x + f3{u), c = c{u) with a G M. 
Then [63, 64] = g63 gives c{u) = u — a so that 

64 = (t + a)dt + [(1 + q)x + f3{u)]dx + {u - a)du. 
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Under an equivalence transformation 64 is mapped to 

el ={t + a)dt' + [(1 + q)x + + (m - a)du' 

= {t' + a - k)dti + [(1 + q)x' + + (n - a)Y'{u) - (1 + + (m' + A: - 

We may always choose k = a and Y{u) so that + {u — a)Y'{u) — (1 + g)F(-u) = 
so that we find 

64 = + (1 + q)x'dx' + 
We then have the following realization of A^^g: 

(ei, 62, 63, 64) = (5a;., (t + u)dx, tdt + (1 + + udu). 

We then have the following realizations of A^^g: 

{dx, udr,, -du, tdt + (1 + q)xd:r + qudu), 
{dx, ud^, -du, (1 + q)xd.x + qudu), 
{dx, udx, -du, tdx - udu) 
{dx, udr,, dt - du, qtdt + (1 + q)xdx + qudu), 
{dx, ud^, dt - du, adt + xd^), a eR 
{dx, dt, tdx - du, tdt + (1 + q)xdx + qudu) 
{dx, dt, tdx - du, tdt + xdx + ndu), k G M 
{dx, dt, {t + u)du, tdt + (1 + q)xdx + udu). 

The corresponding admissible invariant equations: 

{dx,udx, —du,tdt + (1 + q)xdx + qudu)- In this case, the operators dx,udx give us 
Fx = Gx = Q and 

uiFu, + ?>u^Fu, + 3F = 
u\Gu^ + SuiU2Gu2 + SuIF = uiG, 

which integrate to give 

F = u^^f{t, u,a), G = uig{t, u, a) - ^uja'^f^t, u, a), 

where a = u^^U2. Thus we have with du as a symmetry that 

F = uff{t, a), G = urg{t, a) - "iuyfit, a). 

It is useful to change coordinates: (t,x,u,Ui,U2) — > (t,x,u,Ui,a). The operator 
tdt + {I + q)xdx + qudu then gives us the system 

tPt = UiFu, + {q- l)aF^ + (3g + 2)F 
tdt = UiGu, + {q- + {q- 1)G, 
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where F(t,x,u,ui,a) = F{t,x,u,ui,U2) and similarly for G. These equations then 
give 

tf, = {q-l)aU + {3q-l)f 
from the equation for F and 

tgt = (q- i)(^9a + qg 

tf\ = {q-l)aU + {q+l)f 

from the equation for G. Clearly, we must have 3g — 1 = g + 1 for compatibility, 
which gives q = 1- Thus, we have an implementation of this realization of 3 only 
for q = 1. Then our equations for /, g become 

tft = 2/, tgt = g, 

from which we conclude that 

/ = t^<P{a), g = ttPia), 

and then we have 

F = fu^^(j){a), G = tuiipia) - 3t^ula'^(j){a). 

{dx, udx, —du, (1 + q)xdx + qudu)- In this case, the operators dx, du give us Fx = Gx = 
Fu = Gu = and udx gives us 

F = uff{t, a), G = u^g{t, a) - Suyfit, a). 
The operator (1 + q)xdx + qudu then gives us the equations 

uiFu, + (g + 2)n2F„, + 3(g + 1)F = 
uiGu, + (g + 2)u2Gu, + gG = 0, 

which is, on changing variables to (t, x, u, Ui, a), and putting x, u, Ui, a) = F(t, x, u, Ui, U2), 

uiFu, + (g - l)aFu, + 3(g + 1)F = 
uiGui + (g - 2)crG„2 + gG = 0, 

and these equations then give us 

(g - l)af^ + 3qf = 0, (g - l)ag, + (g + l)g = 0. 

Clearly, g = 1 is inadmissible for then we would have / = and then F = 0. So for 
— 1 < g < 1 we have 

Prom this we have 
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{dx,udx, —du,tdx — udu). In this case we have, from the operator tdx — udu, the 
equations 

UiFu^ + U2Fu2 = 

uiGui + U2Gu2 = ui + G. 
From these we find, proceeding as before, 

F = M^V"3/20(t), G = ui[ip{t) - ^ In a] - 3ula^/^(j){t). 

{dx, udx, dt — du, qtdt + (1 + (l)xdx + qudu)- In this case we have, from the operators 

dx.udx 

F = Ui^f{t, u,a), G = uig{t, u, a) — 3ula'^f{t, u, a). 
Then invariance under the operator dt — du (we find Ft — = Gt — Gu = ^) gives us 

F = Ui^fiT, cr), G = uig{T, a) - 3uja'^f{T, cr), 

where t = t + u. Invoking the operator qtdt + (1 + q)xdx + qudu as a symmetry, we 
obtain the system 

qtFt + quFu = UiFu, + (g + 2)u2Fu, + (2g + 3)F 
qtGt + quGu = UiGu^ + {q + 2)m2G„2) 

which then gives 

qrfr = iq-l)aU + 2qf 

qrgr = (q- ^)(^9a + g- 

We then obtain: 

F = ufit + uf(l){co), G = Uiit + uY^''ijiu) -3ula\t + uY(l){ij), uj = m^'i'^^l'^ 
for g 7^ 0, and 

F = uI^(\){t), G = Uxa^\){T)-3u\a'^(\){T) 

if g = 0. 

(9a;, udx-, dt — du-, Oidt + xd^. In this case we have, as above, 

F = Ui^fiT, cr), G = Uig{T, a) - 3uja'^f{T, cr), 

where t = t + u. Invoking the operator adt + xd^ as a symmetry, we obtain the 
system 

aFt = uiFu, + 2u2Fu, + (3 - a)F 
aGt = uiGui + 2u2Gu2, 
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which then gives 



«/r + o-/<7 = 0, ag^ + crg^ = g. 



On integrating we find 



fir, a) 



ijj = at 



and 



/ 



^(•T"), 9 = (^i^ir), a = 0. 



Finally, if a 7^ 



and if a = 

F = u^^0(r), G = u^'^U2ij{T) - 3u^\l(f){T). 

{dx, dt, tdx — du, tdt + (1 + (l)xdx + qudu). In this case we have Ft = = Gt = Gx = 
from the first two operators and then the system 

Fu = 0, Gu = ui 

from tdx — du- These two equations give 

F = F{ui, U2), G = uui + g{ui, U2). 

Then the operator tdt + (1 + (l)xdx + qudu gives rise to the system 



The KdV-equation corresponds to the case / = 1, (7 = 0, q = —2/3. 

{dx, dt, tdx — du, tdt + xdx + i^d^)- As before, the first three operators give us 

F = F{ui, U2), G = uui + g{ui, U2). 
Then the operator tdt + xdx + i^du gives rise to the system 

+ 2u2F„, + 2F = 
uiGui ~\~ 2'U2Gji2 ~\~ G = kG. 



UiFu, + {q + 2)u2Fu, + (3g + 2)F = 
uig^ + {q + 2)u2gu2 + - = 



and these integrate to give 




The evolution equation is then 
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With F, G as above, these equations yield 

(c^i:, dt, {t + + (1 + q)xdx + ^i^u). The first three operators give us Ft = F^ 



Gt = Gx = and the operator (t + gives the system 

uiFu, + 3u2Fu, + 3F = 

ufGui + 3uiU2Gu2 = Ul + uiG — ?iu\F. 

These integrate to give 

F = u^^f{u, Lu), G = uig(u, u) — ?)u\uP' f{u, uj) — 1, 
where u = Ui ^U2- Then the operator tdt + {I + q)xdx + udu gives the system 

ufu + {q- Ipf^ = 2/ 
U9u + (g - l)i^9oj = qg, 

which leads to 

f = u'^(P{p), g = u'^i){p), p = u^-'^uo = u^-^ufu2 

and 

F = ufu^(p{p), G = uiu^ip) - 3(Mr^M2)V(p) - 1- 
We conclude by presenting the remaining algebras and the corresponding invariant 
equations, whenever possible, in tables. 

Al, = Al^^ {tdt + {x- t)dx + (2m - h^)du)\ 

F = F{uxx)ul, G = x + Ux{ln \ux\ + G{ur,x)), 

^4.7 = Alr^^ {-dt + xdx + 2udu); 

F = F{uxx)e-^\ G = -Kil + G{uxx)e-^\ 

^Ig = Al^^ {-{l + t^)dt + {q-t)xdx + {2qu-]^x^)du) (g > 0); 
F = + t2)V2gxp(-3garctant), 



G = -in^. + G'(cj)(l + t2)"^exp(-2garctant), uj = t- {l + t^)u 



XX- 



^4.10 = ^3.5^ (2H9t + udx - xdu), k>0; 

F = t^^^ exp{3k aTctanUx)il + ul)-^/^F{a), 

G = t-^^"^ exp{kaTctanUx){l + uiy/^[-3a^UxF{a) + G{a)], 

a = t-'^/^M^..^ exp(A; arctan-u^)(l + ul)~'^^'^. 

We sum up the above results ClS db theorem. 
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Table 4: Equations invariant under four-dimensional nondecomposable algebras 



Algebra 


F 


G 


^4.2 


F(c^) exp(3 - q)u^ 


exp(l - q)uxG{uj), g 7^ 0, 1, u; = Ma^^expUa- 


^4.2 




2-2 

- q)~^ In + G{u})\, g 7^ 0, 1, u; = ur^u^^ 


41 
^4.3 


F{uxx) exp(-u^) 


G{uxx) exp(-u^) 


42 
^4.3 


F{u:) 


Ma;[G(a;) - U:i;ln Mj; ], = n'^Ua;^; 


41 

^4.4 


F{ijj) exp 2M3; 


+ (^(u;), = Mj;^; exp M^. 


41 
^4.5 


^(l-3p)/(p-,)^^^^ 




41 
^4.6 


FH(l + n2)-3/2x 
exp[(g — 3p) arctanua;] 


— 3nx.(l + ^ix-)~^^^^L 6xp[(g — 3^») arctanu^.]F+ 
+ exp[(g — p) arctanna,](l + u^Y^'^Giuj), 

uj = (1 + M^)'^/^ exp(parctanMa.)M~J 
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Theorem 6.4 There exist thirty inequivalent four- dimensional symmetry algebras 
admitted by equation (2.6). The explicit forms of those algebras as well as the asso- 
ciated invariant equations are given above. 
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